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Abstract

A periodic temporal graph, in its simplest form, is a graph in which every
edge appears exactly once in the first A time steps, and then it reappears
recurrently every A time steps, where A is a given period length. From a
network design perspective, a crucial task is to assign the time-labels on the
edges in a way that optimizes some criterion. In this paper we introduce a
very natural optimality criterion that captures how the temporal distances
of all vertex pairs are “stretched”, compared to their distances in the under-
lying static graph. Given a static graph G, the task is to assign to each edge
one time-label between 1 and A such that, in the resulting periodic temporal
graph with period A, the duration of the fastest temporal path from any
vertex u to any other vertex v is at most a times the distance between u
and v in G. Here, the value of a measures how much the shortest paths
are allowed to be stretched once we assign the periodic time-labels. Our
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results span three different directions: First, we provide a series of approx-
imation and NP-hardness results. Second, we provide approximation and
fixed-parameter algorithms. Among them, we provide a simple algorithm
which guarantees an approximation strictly smaller than A. Third, we con-
sider a parameterized local search extension of the problem where we are
given the temporal labeling of the graph, but we are allowed to change the
time-labels of at most k edges.

Keywords: Temporal graph, periodic temporal labeling, fastest temporal
path, graph realization, temporal connectivity, stretch

1. Introduction

Graph realization is a classical problem where one is asked to decide
whether a graph with a certain property, such as prescribed distances between
vertex pairs or prescribed degrees for vertices, exists [7, 20 28] 29]. These
types of problems have a natural analog in the temporal graph settingﬂ Here
we are given a static graph, and the task is to assign time-labels to each edge
in order to create a temporal graph with some desired property. Temporal
graph realization is an emerging topic in temporal graph algorithmics, and
several connectivity-related properties have been considered. Previous work
considered the property of temporal connectivity between every vertex pair
or subsets thereof [3], 6, B2 B8], the size of so-called reachability sets [19],
exact reachability graphs [21], fastest temporal pathsﬂ of a prescribed (exact)
duration between every vertex pair [23] [33], and fastest temporal paths with
a prescribed upper bound on the duration for every vertex pair [39, [41]. The
latter two problems have been studied in the periodic setting, where every
edge reappears after some given period length A.

We focus on the last among the mentioned problem settings, where we
assume that the input consists of a graph and an upper bound for every
(ordered) vertex pair that shall be respected by a fastest temporal path
connecting the vertices. This problem is naturally motivated in the area of

5A temporal graph is a graph where one or more time-labels are assigned to every edge,
indicating at which times this edge is active. We give a formal definition in Section

SA temporal path uses edges with strictly increasing time-labels. A fastest temporal
path is a temporal path that minimizes the difference between the arrival time and the
starting time. We give a formal definition in Section



network design: we are given a transportation infrastructure and are tasked
to develop a (periodic) schedule that guarantees fast delivery. In previous
work [39], we showed that this problem is NP-hard even if the input graph
is a star and the period length A is constant. This suggests that a lot
of complexity is “hidden” in the prescribed upper bounds. However, it is
arguably unnatural to have arbitrary upper bounds in the input that can be
completely unrelated to the topology of the input graph. This leads us to
the following problem.

We investigate the setting where we wish the durations of all fastest tem-
poral paths to be at most some factor a times the distances of the respective
vertex pairs in the (static) input graph. We then say that the realization
has a bounded (multiplicative) stretch. This is a well-motivated and well-
established concept in network design, especially in the context of spanning
trees I 2, &, 16, I7] or temporal spanners [5]. It allows the duration of
connections between entities of the network to be related to the physical dis-
tance of those entities in a natural way. We formally define the problem as
follows. The required terminology is formally defined in Section [2]

STRETCHED PERIODIC TEMPORAL GRAPH REALIZATION (SPTGR)

Input: A graph G (static, undirected), A € N, and a rational num-
ber oo > 1.

Question: Let D¢ be the distance matrix of G. Can we assign one label in
{1,..., A} to every edge such that in the resulting A-periodic
temporal graph, for every vertex pair u,v the duration of a
fastest path from u to v is at most « - Dg(u,v)?

Our Contribution. SPTGR is a natural and well-motivated special
case of the problem that we investigated in previous work [39], where arbi-
trary upper bounds were given for the duration of a temporal path from any
vertex to any other vertex. In this work, we show that SPTGR is NP-hard,
and hard to approximate when we aim to minimize the stretch a. Here, in
contrast to [39], the duration of any temporal path from u to v is upper
bounded by «a times the length of the shortest from u to v in the given static
graph G. Formally, we prove the following in Section [3]

e For every 0 < ¢ <1 and every ¢ > 1, SPTGR is NP-hard to approxi-
mate within a factor of A~ or within a factor of 2.



Note that a stretch of A can trivially be achieved by assigning the same label
to each edge. To complement these results, we show that we can achieve a
strictly better approximation ratio than A, especially on graphs with small
radius or diameter. Formally, we prove the following in Section [4]

e We can compute in polynomial time a solution for a SPTGR instance
with stretch at most A— m, where “diam” and “rad” denote
the diameter and the radius of G, respectively.

Next, we focus on the decision version of the problem. We show that SPTGR
is NP-hard even if A and a are small constants and in cases where the
input graphs have a constant diameter. Formally, we prove the following in

Section Bl

e SPTGR is NP-hard if A = 3, a = 1, and the input graph has diameter
2. This answers an open question by Erlebach et al. [23].

e SPTGR is NP-hard for each A > 3, even if the diameter is in O(A).

Recall that we can assume that « is at most A. We also show that SPTGR
is NP-hard for each constant value of @« > 1. To complement these hard-
ness results, we give the following algorithmic results in Section [l We use
standard terminology from parameterized complexity theory [11].

e SPTGR is fixed-parameter tractable when parameterized by the neigh-
borhood diversity of the input graph and A.

e SPTGR is fixed-parameter tractable when parameterized by the
treewidth of the input graph, the diameter of the input graph, and
A.

These results are obtained by using extensions of monadic second order logic
(MSO) [9, 10, 34] to formulate SPTGR, and then applying extensions of
Courcelle’s theorem [9, [10, [34].

Finally, we develop a local search algorithm for our problem. This al-
gorithm, given a labeling, checks whether the stretch can be improved by
changing at most a given number k of labels. We call k£ the search radius.
We show the following in Section [7}

e Given a periodic labeling for a graph G and some constant k, we can
compute the best possible stretch that can be obtained by changing at
most k labels in polynomial time; that is, we present an algorithm that
is in XP with respect to the parameter k.
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e We show that the above-described local search problem is W[2]-hard
when parameterized by the search radius k.

Related Work. Since the 1960s, graph realization problems have been
studied in many different settings. A complete literature review is beyond
the scope of this work. While in the static setting, many different proper-
ties for realization have been studied, in particular, the realization of de-
gree sequences, the previous work in the temporal setting considers mostly
connectivity-related properties. We review the relevant work in the intro-
duction.

The local search variant of our problem can also be seen as a temporal
graph modification problem: we may modify up to k£ labels to manipulate
the graph’s connectivity properties. Many problems in this setting have been
studied, where the modifications are typically edge removal, edge delay [14]
18, 37, [42], or vertex removal [25] 31, [46]. Finally, periodic temporal graphs
also have been investigated in other problem settings, most prominently in
the context of cop and robber games [4, 12| T3], 22, [44), [45].

2. Preliminaries

An undirected graph G = (V, E) consists of a set V' of vertices and a
set £ C (‘2/) of edges. We denote by V(G) and E(G) the vertex and edge set
of G, respectively. Whenever no confusion arises, we denote V(G) and E(G)
by just V and FE, respectively. We use standard concepts and terminology
from graph theory like diameter and radius [15]. The eccentricity of a vertex
v is the greatest distance between v and any other vertex [15].

Let G = (V,E) and A € N, and let A : E — {1,...,A} be an edge-
labeling function that assigns to every edge of GG exactly one of the labels
from {1,..., A}. Then we denote by (G, A\, A) the A-periodic temporal graph
(G, L), where for every edge e € E we have L(e) = {\(e)+iA | i € Z,i > 0}.
In this case, we call A a A-periodic labeling of G. When it is clear from the
context, we drop A and denote the (A-periodic) temporal graph by (G, A).
We assume that A is encoded in binary in instances of SPTGR. Hence, the
size of an instance is linear in n, m, log A, and the encoding length of a.

In the following definitions of temporal walks and paths, we assume that
they need to be strict, that is, labels have to be strictly increasing, and
we always use the next-possible appearance of an edge in the A-periodic
labeling and do not unnecessarily wait at any vertex along the walk or path.
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Formally, a temporal (s, z)-walk (or temporal walk) of length k from vertex
s = g to vertex z = vy in a A-periodic temporal graph (G, L) is a sequence
P = ((vi_1,v5,1;))f, of triples that we call transitions, such that for all
i € [k] we have that t; € L({v;—1,v;}) and for all i € [k — 1] we have that
t; < tiy1 < t; + A. Note that this implies that each edge is used at its
earliest possible appearance. Moreover, we call P a temporal (s, z)-path (or
temporal path) of length k if v; # v; for all 4,5 € {0,...,k} with i # j.
Given a temporal path P = ((v;_1,v;, ti))le, we denote the set of vertices of
P by V(P) = {vo,v1,...,ux}. A temporal (s,z)-path P = ((v;_q,vi,t:))r_,
is fastest if for all temporal (s, z)-path P' = ((v]_y, v}, t;))il we have that
t —to < t), — ti,. We say that the duration of P is d(P) =t — to + 1. Note
that adding one to the difference between arrival and starting time models
that the edges have transition time one.

Definition 1 (Stretch). Let G := (G, \) be a A-periodic temporal graph
where G is a connected graph. The stretch of G denoted by ag is value
obtained from dividing the duration of the fastest path (dur(u,v)) from u
to v in G by the distance (dist(u,v)) between u to v in G, mazimized over all

vertex pairs (u,v). That is, g := MaX(yp)eV xVustv ddl‘;((zz))

We may omit the subscript if the temporal graph is clear form the context.

Let P be a temporal path on the edges ey, ..., e, in a A-periodic labeling
Aof G. Foreveryi=1,....,k—1let A(e;) € {1,...,A} be the label assigned
to edge e;, and let v; be the common vertex of the edges e; and e;;. Note
that, in the context of fastest temporal paths, once a fastest temporal path
P starts, each edge of P is visited with the earliest possible appearance.
We define the waiting time wait(v;) of P on vertex v; to be A(e;j+1) — A(e;)
(if Meir1) > Aei)), or A+ Aeir1) — Aei) (Gf Meip1) < Ale;)), or A (if
Aeir1) = A(e;)). Then, the duration of P is Zle wait(v;) + 1.

The next observation follows easily from the fact that the worst-case for
the stretch for (u,v) is realized when all edges of the graph have the same
time-label.

Observation 2. Let \ be a A-labeling for a graph G. Then for any two

vertices u and v, the stretch for (u,v) under X\ is at most A — ﬁ.

Finally, we give a brief argument that we can use polynomially many calls
to a decision oracle for SPTGR to find the optimal stretch for a given input
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graph. Note that naively trying out all possible values for o does not yield
polynomial time.

Lemma 3. Given a graph G and some A, one can compute the small-
est a such that (G,A,«a) is a yes-instance of SPTGR with O(diam(G) -
log(diam(G) - A)) calls to a decision oracle for SPTGR.

Proof. Assume we are given a graph G and some A. Let a* denote the
smallest (rational) number such that (G, A, a*) is a yes-instance of SPTGR.
We know that 1 < o* < A. We will argue that there are at most diam(G)- A
possible values for o*.

Let D denote the distance matrix of G. Note that the entries in D are
between (and including) 1 and diam(G). Each value for o* yields a matrix of
upper bounds that the fastest temporal paths in the periodic temporal graph
(that we try to find) have to obey. If a value in the distance matrix is d,
then the corresponding value in the upper bounds matrix is |a* - d|. Hence,
for each value d, there are at most d - A different possible upper bounds.
As we argued earlier, there are diam(G) possible values for d. This yields
diam(G)? - A possible values for o* such that |a* - d| = o* - d for some value
d between 1 and diam(G).

Now, in order to perform binary search on these values, we fix some d
and find the smallest o* such that |o* - d] = o* - d and (G, A, a*) is a yes-
instance of SPTGR. Note that we can analytically compute each relevant
value for o* in constant time, and hence need O(log(diam(G) - A)) decision
oracle calls. By doing this for each possible value d, we can find the overall
smallest o* with the claimed number of O(diam(G) - log(diam(G) - A)) calls
to a decision oracle for SPTGR. O

3. Approximation Hardness

In this section, we show that SPTGR is NP-hard to approximate. In
particular, we rule out constant factor approximations and even approxima-
tion algorithms with approximation factors that are sublinear in A or single
exponential in n. Formally, we show the following.

Theorem 4. Assume that P # NP. Then, for all constants 0 < ¢ < 1 and
c>1:

e there is no polynomial-time A'=¢-approzimation algorithm for

SPTGR;



e there is no polynomial-time 2" -approximation algorithm for SPTGR.

Proof. We present a straightforward gap-introducing reduction from GOS-
SIPING which is known to be NP-hard [26], and thus there is no polynomial-
time algorithm that distinguishes between yes-instances and no-instances of
GOSSIPING (assuming that P # NP).

GOSSIPING

Input: A graph G = (V| E).

Question: Is there a labeling A\: £ — N, such that for each pair (u,v)
of vertices of V', there is a temporal path in the temporal
graph (G, \)?

Given an instance G of GOSSIPING, we produce an instance of SPTGR

n

as follows: We use the same graph G' and set A > 7 - (2)2 The concrete
value of A depends on the value of € and ¢ respectively and will be specified
later.

Intuitively, if G is a yes-instance of GOSSIPING, then there exists a label-
ing where it is not necessary to use any label from the second A-period and
hence the stretch is independent from A. Whereas if GG is a no-instance of
the gossiping problem, then there exists no such labeling. Then, informally
speaking, there must be a fastest temporal path between some vertex pair
that starts at the first period and ends in the last period, which implies that
the duration of that path depends on A. This then implies that the optimal
stretch depends on A, too. By setting A to be at least n°, we then create
a gap between the worst possible stretch of any yes-instance of (GOSSIPING
and the best possible stretch of any no-instance of GOSSIPING.

Formally, assume that G is a yes-instance of GOSSIPING and let A be
a labeling such that the non-periodic temporal graph (G, \) is temporally
connected. We can assume without loss of generality that the largest label
in \ is at most (g) Now we use this labeling for our SPTGR instance. A
very naive estimation yields that the stretch is at most % . (g) Consider a

"As G has at most (g) edges, these can have at most (g) different labels in \. If the
largest label in A is greater than (g), then we can define a different labeling A’ such that
(i) the largest label in X’ is at most (%) and (ii) for every two edges ey, ez, the relative
order of the labels N (e1) and N(e3) is the same as the relative order of the labels A(ep)

and A(ez). Then (G, )\) is temporally connected as (G, \) is also temporally connected.



vertex pair u,v of distance 2 in G. Then the temporal path from u to v in
(G, A) has duration at most (}).

Now assume that G is a no-instance of GOSSIPING and consider the
instance (G,A) of SPTGR. Let A be a A-periodic labeling for G that
minimizes the stretch. Note that we can obtain an equivalent labeling
by adding a constant (modulo A) to every label. Hence, assume that
d = A — maxcepe) A(e) is maximized. Then we have that 6 > %. Since
(G is a no-instance of the gossiping problem, there is a vertex pair 2u, vin G
such that the temporal path from u to v in the A-periodic temporal graph
(G, \) must use labels from different periods and hence has duration at least
0 and hence a stretch of at least %.

Let a* denote the optimal stretch of (G,A). Summarizing, we have the
following.

e If G is a yes-instance of GOSSIPING, then we have a* < % . (Z) =1 Qlyes.

e If (G is a no-instance of (GOSSIPING, then we have o* > n?”) =

2

Now note that fee = 2. ﬁ > %. Therefore, if we set A > n’, we get
yes n-

2
that “ee > 1.
Qyes
For the first statement of the theorem, let 0 < ¢ < 1 and let ¢’ =
Note that 1 — ¢ = %

A= = A5 = )57 = ' Tt follows that 2= > & = ne = Al
Now, assume that there exists a polynomial-time agproximation algorithm
for SPTGR with ratio at most A'=¢. Then, since ole > Al=¢ we can
use this polynomial-time algorithm to distinguish between yes-instances and
no-instances of GOSSIPING, which is a contradiction assuming that P # NP.

For the second statement of the theorem, let ¢ > 1 and set A = n® . 2",
Note that the encoding of A is polynomial in n, as log A = n°+5logn. Then

we have that 22 > T% = 2", Similarly to the above, assume that there

5(1—¢)
—=.,
Now we set A = n°™". Then we have that

exists a polynorﬁial—time approximation algorithm for SPTGR with ratio at
most 2. Then, since ne > 2"° we can use this polynomial-time algorithm
to distinguish between yes-instances and no-instances of (GOSSIPING, which
is again a contradiction assuming that P # NP. O]



4. Approximation Algorithm

In this section, we give an approximation algorithm for SPTGR that runs
in polynomial time and achieves an approximation ratio of A — G d +1 p
where diam and rad denote the diameter and the radius of the input graph &
respectively. Formally, we show the following.

Theorem 5. A solution for SPTGR with stretch at most A — m
can be computed in polynomial time.

Note that this is strictly better than the “trivial” stretch obtained by
Observation [2 if the radius and diameter differ. To show Theorem [3], we
give the following algorithm, which we will refer to as the radius algorithm.

Assume we are given an instance (G,A) of (the optimization version of)
SPTGR. We perform the Algorithm [I}

Algorithm 1 The radius algorithm.
Input: A graph G and a period A.
Output: A labeling A\: E(G) — {1,...,A}.
Initialize A(e) := 1 for each edge e € E(G)
v, < vertex of V(G) with smallest eccentricity
rad < the radius of G
for all i € [1,rad] do
for all e € E(N"'(v,), N(v,)) do > For each k € N, N*(v,)
denotes the set of all vertices of distance exactly k with v,.
if 7 is odd then
Me) =[]
else
Ae) = A

10: Return A

For an illustration see Figure [II We show that this algorithm achieves
the following stretch.

Lemma 6. Let (G = (V, E),A) be an instance of SPTGR. Then the radius

algorithm computes a labeling with stretch at most A — m.

Proof. Let v, be an arbitrary vertex of eccentricity equal to rad and let A
be the A-labeling produced by the radius algorithm for root v,. We give for
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Figure 1: Example of a graph G with radius 3, where v, € V(G) is a vertex of eccentricity
equal to the radius. The gray areas depict the distance 1-3 neighborhoods of v,. The
labels given by the radius algorithm are illustrated. Edges between vertices in the same
neighborhood are not depicted and are given arbitrary labels by the algorithm.

each distance ¢ € [2,diam] an upper bound «ay for the stretch of distance-¢
vertex pairs.

For ¢ <rad+1, let (u,v) be a pair of vertices of distance exactly ¢ in G.
Due to Observation |2, ay :== A — % is an upper bound for the stretch of
distance-¢ vertex pairs.

For ¢ > rad 42, let (u,v) be a pair of vertices of distance exactly ¢ in G.
Consider the journey J that starts in u, goes over any shortest path P, to v,
and then goes over any shortest path P, to v. The edges of P, (P,) are
alternatively labeled with A and [%} by the algorithm. Moreover, each of
the two paths P, and P, has a length of at most rad. Hence, in the worst
case, J traverses 2 - rad edges. This implies that the duration of J is at
most rad -A + 1, since J only waits a full period at vertex v, and otherwise
alternates between waiting |2] and [£]. Note that this also implies that
there is a path of at most that duration from u to v. Consequently, a, :=
% = A+ w =A-— Azl — (Z*rad[l)'A is an upper bound for the
stretch of distance-¢ vertex pairs.

Note that the stretch achieved by A is thus at most max{a, | 2 < ¢ <
diam}, if diam > 2. (For diam = 1, the stretch is always 1.) We show that
the maximum is achieved for ¢ = rad +1 if rad < diam, and for ¢ = rad
if rad = diam.

To this end, first note that cyq = A — Ar;jl > max{ay = A — Ara_dl |

¢ € [2,rad]}. This proves the statement if rad = diam. Otherwise, as-
sume that rad < diam. If diam = rad +1, then the statement also holds,
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since Qpag 11 = A — rfd_jl - (rad+i;iri‘il_1)'A =A— rfd_jl > A — Ara_dl = Qad.
Thus, consider diam > rad+2. Note that this implies that rad > 2,
since rad > ‘ﬁ%. We show that qaq > pags2 > max{a, | rad+2 < £ <
diam}.

First, we show ayaq > Qyaq 12-
A—1>A A—-1 (rad+2—-rad—1)-A
rad rad +2 rad +2
A—1 A A—-1
+ >
rad+2 rad+4+2 — rad
< rad(A —1)+rad A > (rad+2)(A — 1)
<radA >2(A-1)
<2+ (rad—2)A >0

Qrad = A — = Orad +2

This holds true, since rad > 2.
It remains to show that ayag 12 > max{ay | rad +2 < ¢ < diam}. To this

end, let ¢ € [rad 42, diam —1]. We show that ay, > ay1. Recall that oy =

(rad —£€)-A+1

rad —¢) - A +1 rad—¢—1)-A+1
(rad—é)-A+1>(rad—ﬁ—l)-A—l—l
l - (+1

S (l+1)rad—0)-A+l+1>l(rad—0—1)- A+ 7
& (O)(rad—0) - A+ (rad—0) - A+ L+ 1>l(rad—0) - A =LA+ L
& (rad—0)-A+1> (A< rad-A+1>0

Consequently, for diam > rad 42, quaqi1 = A — rﬁijrll > max{ay | £ €
2, diam]}.
This thus proves that the stretch achieved by A is at most A —
A—1
O

min(rad +1,diam) *

Theorem [5] follows directly from Lemma [ and the straightforward obser-
vation that the radius algorithm runs in polynomial time. However, we can
show that in several restricted cases, the algorithm is guaranteed to achieve
a better stretch.

Lemma 7. Let (G = (V,E),A) be an instance of SPTGR. If2 < rad <
diam and there is a root v, such that for each distance-(rad + 1) wvertex

12



pair (u,v), dist(v,,u) + dist(v,,v) < 2rad, then the radius algorithm (for

root v, ) computes a labeling with stretch at most A — %.

Proof. Similar to the proof of Lemma |§|, we give for each distance ¢ € [2, diam]
an upper bound «y for the stretch of distance-¢ vertex pairs.

Due to the proof of Lemma |§|, ap = A — % is an upper bound for
the stretch of distance-¢ vertex pairs with / < rad + 1, and oy := A —
Ae_l — (efraifl)ﬁ is an upper bound for the stretch of distance-¢ vertex pairs

with ¢ > rad + 2. Moreover, the maximum over all these stretches was

achieved for ¢ = rad + 1. We now show that S..q41 := A — rﬁd_jl — rid%jl is an
upper bound for the stretch of distance-(rad 4 1) vertex pairs, as we assume
that for each distance-(rad + 1) vertex pair (u,v), dist(v,, u) + dist(v,, v) <
2rad. Additionally, we will show that c.q > max{a, | 2 < ¢ < diam, (¢ #
rad + 1} U {BradH} This then implies that the total stretch of X is at
most agaq = A — rad

Let (u,v) be a pair of vertices of distance exactly ¢ in G. Consider the
journey J that starts in u, goes over any shortest path P, to v,, and then goes
over any shortest path P, to v. The edges of P, (P,) are alternatively labeled
with A and (%1 by the algorithm. Moreover, by our assumption, J traverses
at most 2rad —1 edges. This implies that the duration of J is at most rad-A —
[%J +1, since J only waits a full period at vertex v, and otherwise alternates

between waiting |2] and [£]. Note that this also implies that there is a
rad-AfL%Jle .
rad+1 o

path of at most that duration from u to v. Consequently
A-1 12

ol — il — Braar1 i an upper bound for the stretch of distance-
(rad + 1) vertex pairs.
It remains to show that ap,q > max{a, | 2 < ¢ < diam, ¢ # rad + 1} U
{Brad-i—l}'
To this end, first note that ap.q = A — % > max{ay = A —
2, rad]}. We show that Sragi1 < gad-

L /(¢

rad
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_rad—l—l rad +1 — rad
A-1_ A-1 15]
rad “rad+1 rad+1

< (rad+1)-(A—1) <rad(A—-1)+ radL%j

A—1 2] ca D1

ﬂrad—f— 1= = Olrad

=

s A-1 Srad[%J

This holds true, since rad > 2.

Hence, if diam = rad + 1, the statement holds. Otherwise, we still have
to show that ay,q > max{ay | rad + 2 < ¢ < diam}. As shown in the proof
of Lemma |§|, Qradro > max{ay | rad + 2 < ¢ < diam}, and apag > Qadro-
Hence, the total stretch is at most A — 21 = a4 > max{a, |2 < £ <

rad

diam, ¢ # rad + 1} U {Braat1}- O

As we will show in Section [5], there are instances, where this stretch is
achieved by the radius algorithm and it is NP-hard to decide whether a better
stretch is possible. This then shows that this simple algorithm produces the
best possible stretch for some instances in polynomial time, unless P = NP.

Finally, we can show that the radius algorithm performs well if the input
graph is a tree.

Lemma 8. Let (G = (V, E),A) be an instance of SPTGR where G is a
tree. Then the radius algorithm computes a labeling with stretch at most %.

Proof. Similar to the previous proofs, we give for each distance ¢ € [2, diam]
an upper bound «y for the stretch of distance-¢ vertex pairs.

Let u,v be a vertex pair of distance-f. We make the following case dis-
tinction. Consider the case where u is an ancestor of v or v is an ancestor of
u. In both cases, the edges of the fastest paths from u to v are alternatively
labeled with A and f%} by the algorithm. Hence, we have that the duration
of the fastest path from u to v is at most 52 - A+ [2] + 1 if £ is even, and
at most Z’Tl - A+ 1if ¢ is odd. Hence, the stretch is a < % + % Since ¢ > 2,
we have that a < %.

Now consider the case that neither u is an ancestor of v, nor is v an
ancestor of u. Let w be the closest common ancestor of v and u. Then we
have that a fastest temporal path from u to v can be decomposed into a
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fastest temporal path from v to w and a fastest temporal path from w to v.
Note that the waiting time at w is A, since all edges from w to its children
have the same label. All other waiting times are | $ | and [£7], alternatingly.
It follows that the duration of a fastest temporal path from u to v is at most
%-Aqt L%j +11if £ is even, and at most %-A—i— 1if ¢ is odd. Then, again, we
have that the stretch is o = % + % Since ¢ > 2, we have that o < %. O

On trees with a large maximum degree, we can show that our algorithm
is optimal.

Lemma 9. The radius algorithm computes the optimum stretch for trees
with mazximum degree at least A + 1 and it is a 2-approximation algorithm
on general trees.

Proof. Let G be a tree with maximum degree at least A + 1, and let v be a
vertex of G where deg(v) > A + 1E| Then, since every edge of G gets one
label between 1 and A, in any labeling there must be at least two neighbors
U1, us of v such that the edges u;v and usv get the same label. Then the
fastest path from wu; to us in this labeling has duration A + 1, while the
shortest path between wuq,us has length 2. Therefore, the stretch of G is at
least A; L "and thus the radius algorithm provides the optimum stretch by
Lemma [8

Now let G be an arbitrary tree. Let v be an arbitrary non-leaf vertex
of G, and let uy,us be any two of its neighbors. Let Aopr be a labeling
that achieves an optimum stretch for G, and let ¢, (resp. ¢3) be the label
of the edge ujv (resp. ugv) in Aopr. We will prove a lower bound for the
stretch of Appr. First note that, if /; = /5 then the durations of the fastest
temporal paths from u; to us and from wy to u; are both A + 1, while
both these durations are strictly less than A 4+ 1 if ¢; # ¢5. Thus let us
assume that ¢ # (5, and let without loss of generality ¢; < ¢5. Then the
fastest temporal path from wu; to uy (resp. from wug to uy) is o — €1 + 1
(resp. A + ¢4 — l5 + 1), while the distance of the shortest path between u,
and wup is 2. Then max{ly — ¢; + 1,A + ¢; — {5 + 1} is minimized when
by =01+ % (when A is even) or when ¢ = {1 + % (when A is odd), and in
this case the duration of the fastest temporal paths both from u; to us and

from uy to u; become at least % +1= %. Therefore, the optimum stretch

8Recall that A is the period of the A-periodic temporal graph we aim to construct and
not the maximum degree of the input graph.
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in Aopr is at least %. Thus, by Lemma , the radius algorithm returns an
A4l
approximation of the stretch with ratio at most =2z < 2. O
4

5. General Hardness Results

In this section, we present NP-hardness results for SPTGR for (i) all
constant values of A > 3 and (ii) all constant values of a > 1. All of our
results are achieved by reductions from 3-COLORING, which is NP-hard [30].

3-COLORING

Input: A graph G = (V, E).

Question: Is there a proper 3-coloring x of G, that is, a function x: V —
{1,2, 3}, such that for each edge {u,v} € E, x(u) # x(v)?

First, we will present two hardness results for A = 3: one for o € [1,1.5)
and one for o € [1.5,2). The first reduction answers an open question by
Erlebach et al. [23] and the second reduction proves that our presented radius
algorithm is tight on some hard instances. That is, we show that on the build
instances, the radius algorithm is guaranteed to achieve a stretch of 2 and it
is NP-hard to decide whether a better stretch is possible on these instances.
Afterwards, we present hardness results for all other constant values of A > 4
and a > 2. To this end, we will adapt the latter reduction for A = 3 by
replacing parts of the instance by some gadgets that we define for each A > 3.

5.1. Hardness for A =3

We now start by presenting our first hardness result.

Lemma 10. For each o € [1,1.5), SPTGR is NP-hard even if A = 3 and
G has diameter 2.

Proof. We reduce from 3-COLORING. Let G = (V, E) be an instance of 3-
COLORING and assume that each vertex of V' has at least one non-neighbor.
Moreover, let o € [1,1.5). We obtain an instance I' := (G' = (V' E'), A =
3,a) of SPTGR as follows: We initialize the graph G’ := (V', E') as the star
with center vertex c and leaf set V. We add another vertex ¢* which we make
adjacent to all vertices. Additionally, we add for each non-edge {u,v} of G
the vertices x,,, and z,,,, and the edges {u, Ty, }, {t, To.u }, {V, Tup }, {V, Tou },
and {xy., Ty} to G'. That is, G'[{u, v, Ty, Ty }] is a diamond. Finally, we
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Figure 2: An illustration for the main aspects of the reduction behind Lemma Here,
u, v, and w are distinct vertices from the 3-COLORING instance with vertex set V in
which u and v are not adjacent but w is adjacent to both v and v. Recall that V'\ V is a
clique. The depicted labeling achieves a stretch of 1, where the non-depicted edges of the
clique V' \ V all receive label 2.

turn {c*,c} U (V' \ V) into a clique in G’. This completes the construction
of I'. Figure |2 shows illustrated the main aspects of the construction. Note
that G’ has a diameter of 2, since G’ is a split graph where both vertices ¢
and ¢* are adjacent to all other vertices of the graph. In the following, let D
be the distance matrix of G’. The intuition of this reduction is that for
each edge {u,v} of G, (u,c,v) and (u, ¢*,v) are the only paths of length less
than A > 2-a = a - D,,. Hence, on both paths, the labels of both edges
need to be distinct in each labeling A of stretch at most a. Next, we show
that G is 3-colorable if and only if [ is a yes-instance of SPTGR.

(=) Let x: V — {1,2,3} be a 3-coloring of G. We define an edge label-
ing A\ of G’ of stretch 1 as follows: For each vertex v € V', we set A({c,v}) :=
x(v) and A({c*,v}) := 4 — x(v). For each non-edge {u,v} of G, we
set AM{u,2u0}) = A{v,2p,}) == 1 and A({u, 2y }) = A{v,2u0}) = 3.
For all other edges e of G', we set A(e) := 2. Note that these latter edges are
the edges of the clique V' \ V. We now show that A has a stretch of 1, that
is, for each pair of vertices of distance 2 in G, there are temporal paths of
duration 2 between them. Let (a,b) be a pair of vertices of distance 2 in G'.
Since V'\ V is a clique in G, at least one of a and b is a vertex of V. Without
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loss of generality assume that a € V. We distinguish two cases.

First, assume that b ¢ V. By construction of G’ this implies that b = z,,,
for some non-edge u,v of G with a ¢ {u,v}. Since we assumed that each
vertex of V has at least one non-neighbor in G, there is a vertex w € V
such that the vertices x,, and z,, exist. Hence, by definition of A, the
path (a, T4, Ty, = b) uses the labels 1 and 2, and the path (b = 244, Ty.q, @)
uses the labels 2 and 3. Consequently, there are temporal paths between a
and b of durations 2.

Second, assume that b € V. If {a,b} is a non-edge of G, then the ver-
tices x,p and xp, exist. Hence, by definition of A, the paths (a,xpq,b)
and (b, z,p,a) uses the labels 3 and 1. Consequently, there are temporal
paths between a and b of durations 2. Otherwise, that is, if {a, b} is an edge
of G, then x(a) # x(b) since x is a proper coloring of G. Since A = 3, this
implies that x(b) = x(a) + 1 (modulo A) or that y(a) = x(b) + 1 (modulo
A). Assume without loss of generality that the first is the case. Hence, by
definition of A, the path (a, ¢, b) uses consecutive time labels (modulo A) and
the path (b, c*,a) uses consecutive time labels (modulo A). Consequently,
there are temporal paths between a and b of durations 2. Concluding, A has
a stretch of 1 < «, which implies that I is a yes-instance of SPTGR.

(<) Let A: E' — {1,2,3} be an edge labeling of G’ with stretch at most a.
We define a 3-coloring x of the vertices of V' as follows: For each vertex v € V,
we set x(v) := A({c,v}). Next, we show that for each edge {u,v} € E, u
and v receive distinct colors under y. Recall that for A to have a stretch of «
for G', at least one path of length at most a - Dy, = a- Dy, = -2 < 3
from u to v in G’ has duration at most o -2 < 3. Since {u,v} is an edge
of E, the vertices z,, and x,, do not exist, which implies that (u,c,v)
and (u,c*,v) are the only paths from u to v in G’ of length less than 3 and
that (v,c,u) and (v,c*,u) are the only paths from v to v in G’ of length
less than 3. Assume towards a contradiction that x(u) = x(v). This implies
that A({c,u}) = A({c,v}). Hence, the paths (u,c,v) and (v,c,u) have a
duration of exactly A+1=4>2-aa=a-D,, =a-D,,. Consequently,
for A\ to have a stretch of o for G', both paths (u,c*,v) and (v, c*, u) must
have a duration of 2. Since A = 3, this is impossible. This contradicts the
assumption that A is an edge labeling of G’ with stretch at most «. Thus,
x(u) = A{c,u}) # M{c,v}) = x(v), which implies that x is a proper 3-
coloring for G'. O

Note that Lemma answers (by setting v = 1) an open question by
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Figure 3: The sunglasses gadgets for A = 3 for the vertices u and v with the sunglasses
labeling. The black vertices are the docking points and the white vertices are the central
vertices.

Erlebach et al. [23] about the complexity of finding a periodic A-labeling for
a diameter-2 graph G, such that the fastest paths between any two vertices
of GG equals their distance.

Next, we show that for each A > 3, it is NP-hard to decide whether a
stretch in [%, %) can be achieved. To this end, we define gadget graphs for
each A and some associated labelings. First, we define this gadgets for A = 3
and present the first reduction. Afterwards, we define these gadgets for odd
values of A > 3 and even values of A > 4 and present similar reductions. The
gadgets and their respective labeling for A € [3,10] can be seen in Figures

to [l

Definition 11 (Sunglasses gadgets for A = 3). A 3-sunglasses gadget with
docking points u and v is the graph shown in Figure[3, where the black vertices
indicate the docking points u and v, and the white vertices are central vertices.

Figure |3| also shows what we call the sunglasses labeling.

Definition 12. Let A > 1, let G = (V, E) be a graph, and let \: E — [1, A].
Moreover, let u and v be vertices of distance exactly 2 in G. We call a vertex z
of G a nice neighbor of u and v, if (i) z is a common neighbor of u and v

and (i) A\{u,z}) # A({v, z}).

Observation 13. Let A > 1, let G = (V, E) be a graph, and let \: E —
[1,A]. Moreover, let u and v be vertices of distance exactly 2 in G. If u
and v have a nice neighbor z, then (u, z,v) and (v, z,u) are paths of duration
at most A each.

We now show that there are graphs with diameter 3 and radius 2, for
which it is NP-hard to decide whether one can achieve a better stretch than
the one achieved by the radius algorithm. This then shows that this simple
and natural algorithm is tight on some hard instances.
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Lemma 14. For A =3 and each a € [1.5,2), SPTGR is NP-hard even on
graphs with diameter 3, radius 2, and where the radius algorithm produces a
labeling of stretch 2.

Proof. Let A =3 and let a € [1.5,2). We again reduce from 3-COLORING.
Let G = (V, E) be an instance of 3-COLORING. Again, assume that each
vertex of V' has at least one non-neighbor, as otherwise we would know that
this vertex receives a unique color in any 3-coloring and the remaining vertices
can only be colored in two colors, which can be checked in polynomial time.
We obtain an equivalent instance I := (G’, A, a) of SPTGR as follows: We
initialize the graph G’ := (V’', E') as the star with center vertex ¢ and leaf
set V. Additionally, we add for each non-edge {u,v} of G a 3-sunglasses
gadget Sp,. with docking points u and v to G'. Let X denote the set of the
central vertices of all added sunglasses gadgets. R

To complete the definition of G’, we add the vertices X := {7 | x € X}
to G’ and making each vertex of X adjacent to each vertex of X U X U {c}
in G'.

This completes the construction of I. In the following, let D be the
distance matrix of G’. The intuitive idea is that for each edge {u,v} € E,
the path (u,c,v) ((v,c¢,u)) is the only path of length less than A +1 =4 >
a- Dy, =2-afromu (v) towv (u) in G'. Hence, each labeling A of G’ of
stretch at most a has to assign distinct labels to the edges {c,u} and {c, v}.
In other words, if labeling A of G’ has stretch at most «, then the edges
between ¢ and the vertices of V' imply a 3-coloring for G.

Structural Properties. Note that the radius of G’ is at most 2: The
neighborhood of vertex ¢ is VN X and each vertex of X = V'\ (VUX U{c})
is a neighbor of each vertex of X. Moreover, G’ has a diameter of 3, since
(i) each vertex of V' has distance at most 2 to each vertex of VU X by going
over ¢ and thus distance at most 3 to each vertex of X and (ii) each vertex
of X has distance at most 2 to each vertex of X U {c} by going over some
vertex of X and thus distance at most 3 to each vertex of V. In particular,
all vertex pairs of distance exactly 3 in G’ contain one vertex of V' and one
vertex of X. Since ¢ is a neighbor of all vertices of V', G’ fulfills the property
of Lemma [7, which implies that the radius algorithm produces a labeling of
stretch of at most A — 2=1 = 2.

rad
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Correctness. We now show that G is 3-colorable if and only if I is a
yes-instance of SPTGR.

(<) Let A\: E' — {1,2,3} be an edge labeling of G’ with stretch at most a.
We define a 3-coloring x: V' — {1,2,3} as follows: For each vertex v € V,
we set x(v) := A{c,v}). Next, we show that for each edge {u,v} € E, u
and v receive distinct colors under . Since {u,v} is an edge of E, there is
no sunglasses gadget with docking points u and v in G’. This implies that
(u,c,v) is the only path from u to v in G’ of length less than A +1 =4 >
a-D,, = 2-a. Assume towards a contradiction that x(u) = x(v). This would
imply that A({c,u}) = A({c¢,v}). Hence, the unique path (u, ¢, v) from u to v
in G’ of length less than A + 1 = 4 has a duration of exactly 4 = A +1 >
2-a=a-D,,. This contradicts the assumption that A is an edge labeling
of G' with stretch at most a. Thus, x(u) = A({c,u}) # A({c,v}) = x(v),
which implies that x is a proper 3-coloring for G'.

(=) Let x: V' — {1,2,3} be a 3-coloring of G. Assume without loss of
generality that each of the three colors is assigned at least once. We define
an edge labeling X\ of G’ of stretch % = 1.5 as follows: For each vertex v € V,
we set A({c,v}) := x(v). For each non-edge {a,b} of G (that is, for each
added sunglasses gadget), we label the edges of the sunglasses gadget S,
according the sunglasses labeling (see Figure . To complete the definition
of A, it remains to define the labels of the edges incident with the vertices
of X. For each vertex T € X, we set A({z,z}) := 1. For each other edge e
incident with at least one vertex of X, we set A(e) := 2.

This completes the definition of A\. Next, we show that A\ has a stretch
of 1.5=45<a.

First, we consider vertex pairs {y, z} of distance 2 in G’. For these vertex
pairs, we show that there are paths of duration at most 3 = 1.5-D,, , between y
and z.

e If y = ¢, then by the initial argumentation, z € X. Hence, Z is a nice
neighbor of ¢ and z, which implies that the path (¢, Zz, z) has duration
at most A = 3 in both directions.

o Ify e )?, then by the initial argumentation, z € V. Since z is the
docking point of at least one sunglasses gadget, there are at least two
vertices 21 and x5 of X adjacent to z. For at least one i € {1,2}, 2z # ;.
Hence, the edge {z;, z} receives label 2 under A. This implies that z;
is a nice neighbor, since the edge {y,z;} receives label either 1 or 3
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under \. Consequently, the path (¢, z, z) has duration at most A = 3
in both directions.

o If y € X, then z € X UV U{c}. The case for z = ¢ is covered by
the above cases. If z € X, the path (y, ¥, z) has labels (1,2) and thus
has duration at most A = 3 in both directions. Otherwise, if z € V,
then by construction, z is a docking point of the sunglasses gadget that
contains y. Hence, by the sunglasses labeling, there is a nice neighbor
of y and z in this sunglasses gadget which implies the existence of paths
of duration at most 3 between in y and z.

o [f y € V, then z € X UXUV. The case for z € X UX is covered
by the above cases. If z € V, we consider two cases. If {y,z} is an
edge of F, c is a nice neighbor of y and z, since  is a proper 3-coloring
of G. Otherwise, if {y, z} is not an edge of G, there is a sunglasses
gadget with docking points y and z. By the sunglasses labeling, this
gadget contains a path with labels (1,2, 3) from y to z and a path with
labels (1,2,3) from z to y. In both cases, there are paths of duration
at most 3 between y and z.

Next, we consider vertex pairs {y, z} of distance 3 in G’. For these vertex
pairs, we show that there are paths of duration at most 4 < 4.5 =1.5-D,,
between y and z. By the initial argumentation about the structural proper-
ties of G, we can assume without loss of generality that y € V and z € X.
Moreover, z is not part of any sunglasses gadget attached to y, as other-
wise, the distance between y and z would be at most 2. Take an arbitrary
sunglasses gadget attached to y and let 7 and x3 be the neighbors of y in
this sunglasses gadget. By the sunglasses labeling, we can assume that the
label of {y,z;} is equal to i for each i € {1,3}. Since z € X, Z is a vertex
of X, M{z,2}) = 1, and A\({Z,21}) = A\({Z,z3}) = 2. This implies that the
path (z,Z, x3,y) has labels (1,2,3) and thus a duration of 3. For the other
direction, the path (y,x1,z, 2) has labels (1,2,1) and thus a duration of 4.
Hence, there are paths of duration at most 4 between y and z.

This implies that the stretch of A is at most % = 1.5 < «a, which completes
the proof. O

In combination with Lemma this implies that for A = 3, SPTGR
is NP-hard for each « € [1,2).

Corollary 15. For A =3, SPTGR is NP-hard for each a € [1,2).
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Figure 4: The sunglasses gadgets for odd A > 3. The black vertices indicate the docking
points, the black edges indicate the edges of the chronological paths and cycles, the teal
edges indicate the four zigzag paths and the red edges are the parallel edges. For A = 5,
the parallel edges coincide with edges of the chronological cycles. The shown labeling is
the sunglasses labeling. Formally, this labeling labels (a) the chronologlcal paths increas-
ingly from 1 to A, (b) the zigzag paths increasingly from 1 to —_, and (c) all other
edges (namely, all vertically drawn edges) with label A; L Note that in this way, both

chronological cycles are assigned increasing labels from 1 to A.

5.2. Hardness for A >3

We now proceed by showing that also for each A > 3, SPTGR is NP-
hard for each o € [A A“) To obtain this result, we define for each A > 4,
A-sunglasses gadgets and replace the 3-sunglasses gadgets in the reduction of
the proof of Lemma [14] by the larger A-sunglasses gadgets. The gadgets are
slightly different for odd and even values of A. We first define the gadgets
for odd A. See Figure [ for an illustration.

Definition 16 (Sunglasses gadgets for odd A > 3). Let A be an odd in-
teger with A > 3 and let e := {u,v}. A A-sunglasses gadget with dock-
ing points u and v is the graph G = (V| E), consisting of a cycle (u =
pelplt, AT pet = v = po0 plt L pi BT p® = ) of length 2 - A
with several shortcuts that we define in the following. The shortcuts are as
follows:
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A+1 A+1

7p€ 2 }a’nd{pe 2 7p€ 2 }7

2

o the edges {pe
e the parallel edges {p»?, p2*~2} and {p2?, p»>~2}, and

o for each i € [1,253], the zigzag edges {p®*, p2~"1}, {puitt, pra=i},
{pe 7peA i— 1} and {pszrl’pgA 1,}

Let a € {u,v} and let b € {u,v} \ {a}. We call P* = (a =

p@0 pol L pBATl pet = b) the chronological (a,b)-path in G. Moreover,

Afl A+1

we call the cycle C* = (a, p® Lo pe T ,pe’ 2 pgA ! ) the chronologi-
A—1 A1 A

cal a-cycle in G. The vertices pe 2 , pe * . pe 2, and pe are the cen-

tral vertices of G. Finally, G contains four zigzag paths. These are the

unique paths that start in some vertex of {p®t, p»2=1 p®l p»2-1} only use

zigzag edges, and end in a central vertex.

T2 U, 2

Figure [4] also defines the sunglasses labeling for these gadgets. Next, we
define the gadgets for even values of A. See Figure [ for an illustration.
Roughly speaking, for the case that A is even, the A-sunglasses gadgets
are again cycles of length 2 - A with several shortcuts. The main difference
is, that there are only two central vertices, namely the two vertices of half
distance between the docking points. The chronological cycles do not use
an edge between these central vertices anymore but rather use a parallel
edge between their neighbors. That is, the chronological cycles have length
only A — 1 in the case where A is even.

Definition 17 (Sunglasses gadgets for even A > 4). Let A be an even
integer with A > 4 and let e = {u,v}. A A-sunglasses gadget with
docking points u and v is the graph G = (V,E), consisting of a cy-
cle (u = pi0 pet, .. petThph R = v = pOpt L prAT pi® = u) of
length 2 - A with several shortcuts that we define in the following. The short-
cuts are as follows:

)

u, 5 — u,s
e the edges {p.? 1, ’QH} and {pe ,pe’2+1}

e the parallel edges {p»?, p>2~2} and {p¥?, p»>~2%}, and

o foreachi € [1,5 —1], the zigzag edges {p®', p22~"~1}, {ptit! poa=1},
{pe 7peA i— 1} cmd {pvz-i—l’pgA z}
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Figure 5: The sunglasses gadgets for even A > 4. Again, the black vertices indicate the
docking points, the black edges indicate the edges of the chronological paths and cycles,
the teal edges indicate the four zigzag paths and the red edges are the parallel edges.
For A € {4,6}, the parallel edges coincide with edges of the chronological cycles, or the
edge (indicated in blue) between the central vertices. The latter described edge is formally
not part of the sunglasses gadget for A > 4 but is added in the NP-hardness reduction
anyway. The shown labeling is the sunglasses labeling. Formally, this labeling labels
/a) the chronological paths increasingly from 1 to A, (b) the zigzag paths increasingly
from 1 to % —1, and (c) all other edges (namely, all vertically drawn edges) with label %.
Note that in this way, both chronological cycles are assigned strictly increasing labels.
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Let a € {u,v} and let b € {u,v} \ {a}. We call P* = (a =

p@0 pol L pBATL paB = b) the Chronological (a,b)-path in G. Moreover,

a_ a
we call the cycle C* = (a, p™!, ... ,pe 1,p2’ 2 +1 ..p»*71 a) the chronolog-

ical a-cycle in G. The vertices pe 3 and pe'? are the central vertices of G.
Finally, G contains four zigzag paths. These are the unique paths that start
in some vertex of {p®t, pA=L ptt pt A=Y only use zigzag edges, and end

[
i a central vertex.

Similar to the odd case, Figure [5] also defines the sunglasses labeling for
these gadgets. With these defined gadgets, we now present our hardness
result.

Theorem 18. For each A > 4 and each o € [£,242), SPTGR is NP-hard
on graphs of diameter O(A).

Construction. Let A > 4 and let a € [£,2F!). We again reduce
from 3-COLORING. Let G = (V, E) be an instance of 3-COLORING. Again,
assume that each vertex of V has at least one non-neighbor, as otherwise
we would know that this vertex receives a unique color in any 3-coloring
and the remaining vertices can only be colored in two colors, which can be
checked in polynomial time. We obtain an equivalent instance I := (G’, A, «)
of SPTGR as follows: We initialize the graph G’ := (V’, E') as the star with
center vertex ¢ and leaf set VU V*, where V* := {vf | i € [1,A — 3]}. Addi-
tionally, we add for each non-edge {u,v} of G' a A-sunglasses gadget Sy}
with docking points v and v to G’. Let X denote the set of the central
vertices of all added sunglasses gadgets and let Y denote the set of all other
internal vertices of all added sunglasses gadgets.

To complete the definition of G’, we distinguish between three non-
exclusive cases:

e If A is even, we turn the set X of all central vertices into a clique in G'.
o If A =4, we additionally add three vertices ¢y, ¢o, and c3 to G’ and add

edges, such that Ng/[c;] = {c¢} U X U{e1, e, c3} for each i € {1,2,3}.
This case is depicted in Figure [6]

o If Ais odd, we add the vertices X := {Z | 2 € X} to G’ and make each
vertex of X adjacent to each other vertex of X U X in G.

This completes the construction of I. In the following, let D be the distance
matrix of G'.
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Figure 6: An illustration of the additional vertices {c1, c2,c3} and edges (as well as their
labels) for the reduction in the special case of A = 4.

Intuition. The intuitive idea is that for each edge {u,v} € E, the
path (u,c,v) (resp. (v,c,u)) is the only path of length less than A +1 >
a-Dy, =2 «afromutowv (from v to u) in G'. Hence, each labeling A
of G’ of stretch at most « has to assign distinct labels to the edges {c,u}
and {c,v}. In other words, if labeling A\ of G’ has stretch at most «, then
the edges between ¢ and the vertices of V' imply a A-coloring for G. From
these A colors, only 3 can actually be assigned to the vertices of V', since
each of the edges from c to vertices of V* will receive a unique label. We now
show that G is 3-colorable if and only if I is a yes-instance of SPTGR.

Correctness. First, we show the forwards direction.
Lemma 19. G is 3-colorable if I is a yes-instance of SPTGR

Proof. Let X\: E' — [1, A] be an edge labeling of G’ with stretch at most .
First, we show that there is a set L' C [1,A] of size at most three, such
that for each vertex v € V, A({c,v}) € L'. To this end, we show that
for each i € [1, A — 3], the edge {v},c} is the only edge incident with ¢ of
label A({v}, c}). This then implies that A({v}, c}) ¢ L’ for each i € [1, A —3],
which then results into L’ having size at most 3. Let w be an arbitrary vertex
of (V*UV)\ {v}}. Since v; and w have distance exactly 2, there is a path of
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duration less than A+1 by the fact that a-Dys oy < 2-Dyr oy = 2-% = A+1.
By construction, P := (v}, ¢, w) is the only path from v} to w of length (and
thus duration) less than A +1 > « - DU;M. For P to have duration less
than A + 1, the edges {v},c} and {w,c} receive distinct labels under A.
Since vertex w was chosen arbitrarily, this implies that edge {v},c} is the
only edge incident with ¢ of label A({v}, ¢}). This further concludes that L’
has size at most 3.

We now define a 3-coloring x: V — L' as follows: For each vertex v € V,
we set x(v) := A{c,v}). Next, we show that for each edge {u,v} € E, u
and v receive distinct colors under x. Since {u,v} is an edge of E, there
is no sunglasses gadget with docking points v and v in G’. This implies
that (u,c,v) is the only path from u to v in G’ of length less than A +1 >
a-D,,. Assume towards a contradiction that y(u) = x(v). This would imply
that A({c,u}) = A({¢,v}). Hence, the unique path (u,c,v) from u to v in G’
of length less than A + 1 has a duration of exactly A+1>2.-a=a-D,,.
This contradicts the assumption that A is an edge labeling of G’ with stretch
at most a.. Thus, x(u) = A({c,u}) # A({c,v}) = x(v), which implies that x
is a proper 3-coloring for G'. ]

It remains to show the backwards direction. To this end, suppose that G
is 3-colorable. Let x: V — {1,2,3} be a 3-coloring of G. Assume without
loss of generality that each of the three colors is assigned at least once.

The labeling. We define an edge labeling A of G’ of stretch % as follows:
Let

2
A+1
2

62 =

otherwise.

{é A is even, and

Moreover, let L := {{1 := ly — 1,0y,{5 := {5 + 1}. For each ¢ € [1,¢; — 1],
we set A({c,vf}) := i and for each i € [(5 4+ 1,A], we set A({c, v} 3}) = i.
For each vertex v € V, we set A({c,v}) := ¢, (v). For each non-edge {a,b}
of G (that is, for each added sunglasses gadget), we label the edges of the
sunglasses gadget S, according the sunglasses labeling. To complete the
definition of A\, we distinguish between three cases:

e For even A > 4, it remains to define the labels of the edges between
the vertices of X. For each of these edges e, we set \(e) := /s.

e For A = 4, it remains to define the labels of the edges between the
vertices of X and the labels of the edges incident with the vertices ¢, co,
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and c3. Let i € {1,2,3}. Recall that Ng/c;] = {c} U X U {c1,co,c5}.
We set A({z,¢;}) := ¢ and for each vertex z € X, we set A\({¢;,x}) :=
2 =3, and

4  otherwise.

Additionally, we set A({c1,¢c2}) := 3, A({c1,c3}) := 2, and A\({co, c3}) :=
1.

e For odd A, it remains to define the labels of the edges incident with the
vertices of X. For each vertex 7 € X, we set A({z,z}) := {y. For each
other edge e incident with at least one vertex of X, we set A(e) = ls.

This completes the definition of A\. Next, we show that A has a stretch
of A < a. To this end, we first observe the existence of temporal paths of

duratlon at most 3 - A between the verticesof VUY U X UX Iﬂ Afterwards,

between the vertices of VuYuXu X we then only need to consider vertex
pairs of distance 2. Additionally, we consider the vertex pairs that include
(at least) one vertex of {¢} UV* in the process. The total proof is rather long
because we have to distinguish between even and odd values of A, as well as
distinguishing between A = 4 and A > 4. The arguments are mostly similar,
but some individual parts of the proof cannot be unified. In the following,
we thus only formally prove the cases for odd A > 4. The formal proofs for
the remaining cases are given in the appendix.

Lemma 20. Let v and w be distinct vertices of VUY U X U X. There is a
path of duration at most 3-% fromwv tow. Ifv €V, then (i) the first edge of
this path has label A or (ii) this path has duration less than A and the first
edge of this path has label 1. If w € V', then the last edge of this path has
label A. Moreover, if any of v or w is from X U X, this path has length at
most .

Proof. To show Lemma [20| we distinguish between even and odd A. First,
we consider the even case.

Claim 20.1 (x). Lemma[2( holds if A is even.
Next, we consider the odd case.

Claim 20.2. Lemma[20 holds if A is odd.

9Recall that X = () for even A.
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Proof of Claim. To prove the statement, we show the existence of two special
kinds of fast paths:

e For each 7 € X and each v € V UY U X where z and v are not part
of a common chronological cycle, there is a path FP;, of duration at
most A — 1 from Z to v that starts with an edge of label /5.

e For each v € V UY, there is a path P, of duration at most ¢; from v
to some vertex x € X which is part of a common chronological cycle
with v, such that P, ends with an edge of label ¢; — 1.

We now prove the existence of the first type of fast paths. Let T € X and
letveVUYUXULX.

Case: v is part of a common chronological cycle C' with x. If v and ¥ are
adjacent, the path P;, := (Z,v) has duration 1 < A. Otherwise, that is, if v
and z are not adjacent, consider the path F;, that first traverses the edge
from Z to z at time ¢; and then follows C until reaching vertex v. Since v is
not adjacent to T (that is, v is not a vertex of X)), this path has duration at
most A < 3- %. In particular, if v is a vertex of V', the last edge of this path
has label A.

Case: v is not part of a common chronological cycle C' with x. The
sunglasses labeling thus implies that there is a vertex z € X, such that z
is part of a common chronological cycle C' with v, and the edge of z to its
successor in C' has label /3. If v is the predecessor of z in C, then v is a
vertex of X and the edge {T, v} exists and has label ¢5. Hence, Pz, := (Z,v)
has duration 1 < A — 1 and starts at time /5. Otherwise, that is, if v is not
the predecessor of z in C, consider the path P;, that first traverses the edge
from 7 to z at time ¢, and then follows C' until reaching vertex v. This path
has a duration of at most A — 1 and starts with label /5. Moreover, if v is a
vertex of V', the last edge of this path has label A. This proves the existence
of the first type of fast paths.

We now prove the existence of the second type of fast paths. Let v € V U
Y. If v € Y, by definition of the sunglasses labeling, there is a zigzag path Z
from v to some vertex x € X which is part of the same chronological cycle,
such that Z has a duration less than ¢; and reaches vertex x at time ¢, — 1.
If v € V, then there is a chronological cycle C attached to v, and v has
an incident edge in C of label A. Let s denote the endpoint of this edge.
For A > 3, the above discussed zigzag path Z from s to some vertex of X
starts with label 1. Hence, by going from v to s at time A and then following
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the zigzag path from s to x, we obtain a desired path from v to some vertex
of X. Moreover, this path starts with label A and has a duration of at
most ¢, due to the duration of the zigzag path Z. This shows the existence
of the second type of fast paths. R

Since the edges between the vertices of X and X all receive labels
from {¢1, (>} the paths P, can be extended to obtain paths from each vertex
of VUY to each vertex of X with duration at most hL+2< % +2<3- %.
This is due to the fact that P, reaches some vertex of X with an edge of
label #; — 1 with a duration of at most /.

Hence, between any vertex ¥ € X and any vertex v € VUY U X, there
are paths of duration at most 3 - % each, since the described path P; . has
a duration of at most A. It thus remains to consider fast paths between
vertices v and w of VU X UY.

Case: v and w are part of a common chronological cycle C'. Hence, there
are paths of duration at most A — 1 between v and w each, by following
their common chronological cycle. In particular, if v € V, the first edge of
the path from v to w has label 1 and the last edge of the path from w to v
has label A. Hence, the statement holds for pairs of vertices that are part of
some common chronological cycle.

Case: v and w are not part of any common chronological cycle. Due to
symmetry, we only describe a fast path from v to w. By the above, there is
some path P, of duration at most ¢; that reaches some vertex z € X with an
edge of label /1 —1. Moreover, this vertex z is part of a common chronological
cycle with v. Since v and w are not part of any common chronological cycle,
x is not part of a common chronological cycle with w. Hence, the described
path P;,, from Z to w has duration at most A and starts with an edge of
label ¢,. Now, consider the path P, ,, obtained by first following the path P,
to vertex x, afterwards going to 7 with label ¢;, and then following the
path P;, starting with label ¢, = ¢; + 1. The duration of this path P,, is
at most d(P,) + 1+ d(Psy) <l +14+A—-1=2"14 A <32 whered
denotes the duration of the respective path. Moreover, if v is a vertex of V,
then P,, starts with label A, since P, starts with label A. Similarly, if w is
a vertex of V, then P, ,, ends with label A, since P, ends with label A. W

Now, Lemma [20] follows from Claim and Claim [20.2] O]

Recall that Lemma [20/ states that for each vertex v € VUY UX U X and
each vertex w € VUY UX UX there are paths of duration at most 3- % each
between v to w. Hence, if v and w have distance at least 3, then these paths
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have a duration of at most % Doy < a- Dgp. Moreover, the last statement

of Lemma [20] states that whenever v or w is from X U X , then the duration of
these paths is at most A < % Doy < - Dgyp. To show that the stretch of A
is at most %, it thus remains to consider (i) the durations of fastest paths
from and to vertices of {c} U V™, (ii) the durations of fastest paths between
vertex pairs from Y UV of distance exactly two, and (iii) if A = 4, fastest
paths from and to vertices of {c1, ¢z, c3}.

First, we consider the duration of fastest paths from and to vertices
of {¢} U V*. To this end, we distinguish between the different values of A.
We distinguish between the cases of A =4 and A > 4.

First, we consider A = 4.

Lemma 21 (x). Let A =4, let q be a vertex of V* U {¢, c1,ca,c3}, and let z
be a vertex of V'. There is a path from q to z and a path from z to q that
each have a duration of at most 5 - Dy, =2 D,,..

Next, we consider A > 4.

Lemma 22. Let A > 4, let q be a vertex of V* U {c}, and let z be a vertex
of V'. Then, there is a path from q to z and a path from z to q that each
have a duration of at most % "Dy

Proof. Recall that L := {{y, (s, {5} are the labels of the edges between ¢ and
the vertices of V. Moreover note that L N {1, A} = ) since A > 4.

Firstly, we consider the durations from and to the center vertex c. Recall
that for each vertex v € V', A({v,c}) € L.

Let z be a vertex of distance exactly 2 with ¢. By construction, there
is a vertex v € V which is a common neighbor of ¢ and z. Due to the
sunglasses labeling, edge {v, z} receives label either 1 or A. By definition
of A, edge {c,v} receives a label from L. Since A >4, LN{1, A} = (). Hence,
v is a nice neighbor of ¢ and z.

Let z be a vertex of distance exactly 3 with ¢. Since A > 3, z is part of
a chronological cycle C¥ for some none-edge € of G and some vertex v € €.
In particular, z € {s2% s2272}. Let ¢ := A({c,v}). Recall that ¢ € L and
that {s2%, s22 72} is a parallel edge with label . Consider the path P, =

c,v, st 527 s2272) This path uses edges with labels ¢, 1, 2, and 2. Hence,
€ € 2

P, . has a duration ofA+%—€’+1 < A+%—€1+1 = A+ 2. Since P, ,
contains vertex z, there is a path of duration at most A +2 < 3 -5 <

: 2 wA-2 uwA-1
% D.. < a-D,.,. Now, consider the path P, . := (s, s> o c).

e e )

A
2
v,
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This path uses edges with labels %, A —1, A, and ¢'. Hence, P,. has a
duration of A + ¢/ — % +1<A+4{3— % + 1= A+2. Since P,. contains
vertex z, there is a path of duration at most A+2 < 3-2 < %~DZ7C <a-D,,.

Let z be a vertex of distance at least 4 with ¢ Moreover, for i €
{1,3} let v; denote some vertex of V' with x(v;) = 4, that is, a vertex
with A({v,c}) = ¢;. By assumption, such vertices exist. Moreover, recall
that due to Lemma [20] there is a path P; from vz to z of (a) duration at
most 3 - % that starts by traversing an edge with label A or (b) duration at
most A < 3- % — 1 that starts by traversing an edge with label 1. Similarly,
due to Lemma , there is a path P, from z to v; of duration at most 3 - %
that ends by traversing an edge with label A. Consider the path P, , starting
at ¢, moving to vs, and afterwards following the path P3;. Since P3 has a du-
ration of at most 3-%, P, . reaches z at time at most A—|—3~% — 1. Hence, the
duration of P, is at most A+3-2 —1—A({c,v3})+1=A+3-2—l3 < 2-A.
Consequently, P. , has a duration of at most 2- A =4 % = % D., <a-Dg,.
For the opposite direction, consider path P, . that starts at z, follows P; to
vertex vy, and then moves to ¢. Since P; has a duration of at most 3 - %, P, .
starts at the latest at time A — % + 1 > /3 and reaches ¢ at time /;. Hence,
the duration of P, is at most 2- A+ ¢, —l3 +1=2-2 —1< 2-A -1
Consequently, P, . has a duration of at most 2- A = 4- % % D,.<a-D,,.

Hence, the statement holds for c.

Secondly, we consider the duration of paths from and to vertices of V*.
Let v be a vertex of V* and let ¢* := A({v},c}). Recall that ¢ is the only
neighbor of v} and that ¢* ¢ L.

Let z be a vertex of distance exactly 2 with ¢. By construction, z is a
vertex of V and edge {v}, ¢} is the only edge incident with ¢ of label A({v], c}).
This implies that c is a nice neighbor of v} and z.

Let z be a vertex of distance exactly 3 with v}. By construction, z €
{s2!, s227"1 for some none-edge € of G and some vertex v € €. Let £, :=
A{c,v}) and let £, := A({v,z}). Recall that ¢, € L and that ¢, € {1, A}
Consider the paths Py . := (v}, ¢, v,2) and P, ,+ := (z,v,¢,v;). These paths
uses edges with labels ¢*, £,,, and ¢, from left to right or right to left. If £* < /1,
then the duration of Pyx , is maximized when ¢* = ¢, = 1, in which case
the duration of Py is A+1<3- %. Moreover, the duration of P, : is
maximized when ¢* = ¢; — 1 and ¢, = A, in which case the duration of P, vr

Il

0Note that for odd A this includes all vertices of )?, since A > 5 in this case.
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S2-A+0—l,+1=A+/1 < 3-% < %-Dw; < a-D,,:. Otherwise,
that is, if £ > /3, then the duration of P,: . is maximized when £* = {3 + 1
and ¢, = 1, in which case the duration of Py, is 2 A+0, —0F+1=
A—l;+1<A—((;+2)+1 < A—45 =3-%2. Moreover, the duration
of P, ,+ is maximized when ¢* =/{, = A, in which case the duration of P, v
isA4+1<3- %. In both cases, we presented paths between v and z of
duration at most 3 - % < % Doy S Dy

Let z be a vertex of distance exactly 4 with ¢;. Hence, z has distance 3
to c. Consider the two paths P., and P, . described above for this case:
there is a vertex v € V, such that (i) P., contained the vertex z, started by
using the edge {c, v}, and ended in time step A + ¢, and (ii) P, . contained
the vertex z, started at time step (2, and ended by traversing edge {c,v} at
time step A + A({c,v}). Let £, := A({c,v}). Now consider the path P, .
obtained from first moving from v} to ¢ and then following the path F, . and
the path P, .- obtained from first following the path P, . to vertex ¢ and
then traversing the edge towards v;. If ¢* < ¢, then ¢* < {,, which implies
that Pv;,z reaches vertex z at times step at most A + /5. Hence, Pv;,z has
a duration of at most A + ¢y —¢* +1 < 2- A. Moreover, the path P,
reaches vertex c¢ at time step A + ¢, and can thus reach vertex v} at time
step 2- A + ¢*. Hence, P,,+ has a duration of at most 2- A+ £* —f, +1 <
2:-A4+4;—1—434+1 < 2-A. Otherwise, that is, if £* > /5, then £* > {,, which
implies that P, . reaches vertex z at times step at most 2 - A + {5. Hence,
P,: . has a duration of at most 2- A+, — (£3+1)+1 < 2-A. Moreover, the
path P, vz reaches vertex c at time step A+/, and can thus reach vertex v} at
time step A+£*. Hence, P, - has a duration of at most A+/(*—/{,+1 < 2-A.
In both cases, we presented paths between v} and z each having a duration
of at most2~A:4-%:%‘Dv;,z.

Let 2z be a vertex of distance at least 5 with v;. Hence, there is a sunglasses
gadget Sy, .y that contains zlﬂ Without loss of generality assume that z
is contained in the chronological (v, w)-path P" of Si,.). Recall that the
labeling of this path PY uses the labels of [1, A] consecutively. Hence, there
is path P, . of duration at most A — 1 from v to z that starts with label 1,
and there is a path P,,, of duration at most A — 1 from z that reaches w
in time step A. Consider the path P« . that starts at v}, moves to ¢, moves
to v, and then follows the path P, .. The duration of this path is maximized,

INote that for odd A this includes all vertices of X, since A > 5 in this case.
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if * = (3+1, in which case vertex z is reached at time step 2-A+A—1. Hence,
the duration of P, . is at most 2-A+A—1—0"+1=3-A—({;+3)+1 < 5-%.
Finally, consider the path PZ,U; that starts at z, follows P,, to vertex w,
moves to ¢, moves to v}. The duration of this path is maximized, if ¢* = ¢;—1,
in which case vertex z is reached at time step 2-A+/¢*—1. Hence, the duration
of P, ,risat most 2-A4+0*—1+1=2-A+/( —1< 5-%. Both paths thus
have a duration of at most 5 - % < % Dy - O

Hence, in all cases for A, for each vertex ¢ € V'\ (VUYUXUX) and each
vertex z € V', there are paths between ¢ and z of durations at most % D,
each.

It thus remains to consider the durations of fastest paths between vertex
pairs (a,b) from Y UV of distance exactly two. First, we will analyze the
vertex pairs containing exactly one vertex of V' and exactly one vertex of Y.
Let v € V and let y € Y, such that v and y have distance exactly 2, then
by construction, y is a vertex of a chronological cycle attached to v for some
sunglasses gadget. Hence, by taking the fastest paths along the chronological
cycle, both vertices can pairwise reach each other with a path of duration
less than A = % Dy < - D,,. Now, consider the vertex pair of ¥ of
distance exactly 2.

Lemma 23. Let y and y' be vertices of Y of distance exactly 2. Then, there
is a path of duration at most A from y to y'.

Proof. Recall that the statement holds, if there is a nice neighbor of y and /.
By construction, the only vertices of Y of distance exactly 2 are (i) contained
in the same sunglasses gadget or (ii) are both neighbors of some vertex v € V
and contained in distinct chronological cycles attached to v.

Firstly, consider the case where y and y’ are contained in the same sun-
glasses gadget. If y and 3/ are part of the same chronological path of that
sunglasses, then they only have one common neighbor which is a nice neigh-
bor due to the sunglasses labeling. If y and vy’ are part of the same chrono-
logical cycle of that sunglasses gadget, then they can pairwise reach each
other in duration at most A each by following the chronological cycle. For
even A, we also need to consider the case that y and 1’ are neither part of
the same chronological path nor part of the same chronological cycle. For
odd A, this case cannot occur, since vertices of Y of two disjoint chronolog-
ical cycles of the same sunglasses gadget are separated by two vertices of X.
If y and 3’ are neither part of the same chronological path nor part of the

35



same chronological cycle, then by definition of sunglasses gadgets, there is
some central vertex r € X that is adjacent to both y and %/, such that x
is part of the chronological path that contains y but x is not part of the
chronological path that contains 3. By definition of the sunglasses labeling,
the edge {z,y} receives a label from {{s, (3} under A and the edge {z,y'} is
part of a zigzag path and receives the label ¢; under A\. Hence, x is a nice
neighbor of y and 3/'.

Secondly, consider the case where y and ¢y’ are not contained in the same
sunglasses gadget. Let v be the unique common neighbor of 4 and 3/ in V' and
let C' (C") be the chronological cycle attached to v that contains y (y'). By
definition of the sunglasses labeling, {A({y,v}), \({¢/,v})} C {1,A}. Tf v is
a nice neighbor of y and ¢/, the statement is shown. So, consider A({y,v}) =
A({y/,v}). Due to symmetry, we only describe a fast path from y to y’. We
distinguish two cases. If A({y,v}) = A({y/,v}) = 1, consider the path P
that starts at y, goes through the whole chronological cycle C' to v with
label A, and finally traverses the edge towards 3’ with label 1. This path
has a duration of at most A, since the edge of smallest label of C' that P
uses is at least 2, since {y, v} is the only edge of C' with label 1. Otherwise,
that is, if A({y,v}) = A{y/,v}) = 1, we do essentially the same. Consider
the path P that starts at y, goes over the direct edge to v with label A, and
goes through the whole chronological cycle C” until reaching vy’ with a label
of at most A — 1. Hence, P has duration at most A. O

It remains to show that between any two vertices u and v of V', there is
a path of duration at most A = % “Dyy < a- Dy, If {u,v} is a non-edge
of G, then there is a sunglasses gadget with docking points « and v in G'. By
following the chronological (u, v)-path ((v, u)-path) of this sunglasses gadget,
there is a temporal path from u (v) to v (u) of duration A. Otherwise, that
is, if {u,v} is an edge of F, then (u,c,v) and (v,c,u) are both paths of
duration at most A each, since c is a nice neighbor of v and v. This is due to
the fact that x is a proper coloring of G, which implies that x(u) # x(v) and
thus A({u, c}) = £, (u) # £y (v) = A({v,c}). Concluding, for each pair (a,b)
of vertices of V', there is a path of duration at most % - D, which implies
that A\ has a stretch of at most % < a.

With all of this, we conclude that the stretch of A is at most %. This
implies that G is 3-colorable only if I is a yes-instance of SPTGR. Together
with Lemma [19] this now completes the proof of Theorem [1§|

Proof of Theorem[18 Based on the above construction and arguments, we
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conclude Theorem [I8 If G admits a proper 3-coloring ¥, then we showed
above that the labeling A for G’ provides a stretch of at most % < a. If
there is labeling A for G’ of stretch at most «, then Lemma [19implies that G
is 3-colorable. Consequently, the reduction is correct and proves the stated
hardness results for SPTGR. O

Recall that Lemma shows that SPTGR is NP-hard for each a €
[1,1.5). Moreover, since for each constant o > 1.5, there is a constant A >
3, such that a € [%, %), Lemmas [10] and |14] and theorem [18| imply the
following.

Theorem 24. For each constant A > 3, SPTGR is NP-hard. For each
constant a« > 1, SPTGR is NP-hard.

6. Fixed-parameter Algorithms through Monadic Second-Order
Logic

In this section, we present monadic second-order (MSO) logic [9, [10] for-
mulations for SPTGR. Expressing problems in MSO is a powerful tool that
together with Courcelle’s famous theorem (and extension thereof) [9], [10]
yields fixed-parameter tractability for certain parameters depending on the
formula size and the extesions of MSO that are used. Informally speaking,
we aim to provide the smallest formulations that need the least amount of
extensions to MSO. In particular, we show that SPTGR is fixed-parameter
tractable with respect to combinations of A, the treewidth tw(G), the diam-
eter diam(G), and the neighborhood diversity nd(G) of the input graph G.
Formally, we show the following two results.

Theorem 25. SPTGR is in FPT when parameterized by nd(G) + A.

Theorem 26. SPTGR is in FPT when parameterized by tw(G)+diam(G)+
A.

We remark that our hardness results (in particular, Theorem show
that fixed-parameter tractability presumably cannot be obtained with only
diam(G) + A as parameter. Hence, we need a parameter that is larger or
incomparable, as we have in Theorems [25] and 26, However, we leave open
whether the parameters tw(G) and nd(G) by themselves can already yield
fixed-parameter tractability.
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Furthermore, note that Theorem implies that for all graph classes
that have locally bounded treewidth (such as planar graphs), we get that
SPTGR is in FPT when parameterized by the diameter of the input graph
and A. Furthermore, Theorem implies that SPTGR is in FPT when
parameterized by the treedepth of the input graph and A, since both the
treewidth and the diameter of a graph can be upper bounded by a function
of the treedepth. We remark that the neighborhood diversity of a graph is
unrelated to the combination of the treewidth and the diameter of a graph.
Finally, by Lemma 3] both theorem statements also hold for the optimization
version of SPTGR.

To show Theorems [25] and [26] we show that SPTGR is expressible in
monadic second-order (MSO) logic in certain specific ways that allow us to
employ Courcelle’s famous theorem (and extensions thereof) [9, [10]. Since
we define the MSO formulas directly on the input graph G, we do not give
the formal definitions of treewidth and neighborhood diversity, since they are
not necessary to obtain the results. For more information on treewidth, we
refer to standard textbooks on graph theory, e.g. the one by Diestel [15], and
for more information on the neighborhood diversity, we refer to Lampis [35],
who introduced this parameter.

Assume we are given a graph G = (V, E), an integer A, and a real number
a > 1. Let n = |V|. A monadic second-order (MSO) formula ¢ over G is a
formula that uses

e the incidence relation of vertices and edges,
e the logical operators A, V, =, =, and parentheses,

e a finite set of variables, each of which is either taken as an element or
a subset of V or E|

e and the quantifiers V and 4.

Additionally we will use some folklore shortcuts such as =, #, C, €, and \,
which can themselves be replaced by MSO formulas. For an edge set E’ we
use V(E') to denote the set of vertices that are incident with the edges in E'.
Furthermore, we use the following formula to express that sets Xi,...,X;
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form a partition of X.

partition, (X1, X, ..., X;, X) = ( \ Xs CX)A(VzeX: \/ z€Xy)A

1</ <i 1</ <4

(Vo e X : /\ (x e Xy =ax ¢ X))

1<i/ <il' <

Note that the formula partition, (X, Xo, ..., X;, X) has size O(i?).

We use two different extensions of MSO. The first one is called CMSO
and allows for testing the cardinality of a set. We remark that this does not
allow for comparing the cardinalities of sets.

e card, ,(X) = true if and only if | X| =n mod p.

This extension of MSO was already considered by Courcelle [9]. We have the
following, where |¢| denotes the length of the formula ¢.

Theorem 27 ([9,[10]). CMSO model checking is in FPT when parameterized
by tw(G) + |9

The second extension is stronger and allows for linear cardinality con-
straints, that is, expressions of the type z; < x5, where x; and x, are linear
expressions over cardinalities of sets. This extension is called MSO§L [34]
and the following is known.

Theorem 28 ([34]). MSOSE model checking is in FPT when parameterized
by nd(G) + |¢].

We now introduce some basic MSO formulas that we will use to compose
the formulas to express SPTGR. It is well-known that connectivity and
various related concepts can be expressed in MSO.

e conngraph(X, E’) tests whether the subgraph (X, E'N X?) of G is con-
nected:

conngraph(X, E') ==Vl #Y C Xz € X\YIyeYIee F :x €eNy€e

e conn(v,w, E') tests whether the two vertices v,w € V are connected
by a path that only uses edges from E' C E:

conn(v,w, E') :=3X CV : conngraph(X, E') Ave X ANw e X
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e path(v,w, ') tests whether the two vertices v,w € V are connected
by a path that exactly uses edges from E' C E:

path(v,w, E) := conn(v,w, E') AVE" C E': = conn(v, w, E")

Note that all the above-introduced formulas have constant size.

We first show Theorem [25] To this end, we introduce additional predi-
cates that use linear cardinality constraints and hence are MSOFL formulas.
Afterwards, we show how to replace these predicates with equivalent (larger)

CMSO formulas.

e spath(v,w, E') tests whether the two vertices v,w € V are connected
by a path that ezactly uses edges from E’ C E and whether this is a
shortest path:

spath(v, w, E') := path(v, w, E')AVE" : |E"| < |E'| = —conn(v,w, E")

Now we are ready to give an MSO§E formula ¢ a o that expresses SPTGR.

We are looking for a partition of E into Fy, Es, ..., Ea. We interpret e € E;
with edge e receiving label 1.

bc.aa = 3E, ..., Ea :partitiong (Ey, ..., Ea, E)A (1)
VYo, w IE* : (path(v,w, EX)A (2)
aXq,..., XA (partitionA(Xl, o X, VES) \ {v,w})A (3)
/\ (VJ: € X; Jei,eq € B (61 # ey Nz € ep Neg Aconn(v, z, E*\ {e1})A

1<i<A
(4)
\/ (e1 € By N ea € Eirys) mod A))>/\ (5)

1<i'<A
IE** s spath(v,w, EX)A (Y i [Xi)+1<a- \E**\)) (6)

1<i<A

Observe that the size of the formula is in O(A?) and that it can be
computed in O(A?) time. Now we prove that ¢ expresses SPTGR.
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Lemma 29. Given an instance I = (G,A,«) of SPTGR, we have that
bc.Aq 15 satisfiable if and only if I is a yes-instance.

Proof. Assume that ¢¢ a o is satisfiable. Then we label edge e € E with
label ¢ if and only if e € E;. Note that Line |If of ¢ a . guarantees that
Ey, ..., Ex is a partition of £ and hence the labeling is well-defined. Now
assume for contradiction that here is some v, w € V such that the duration
of a fastest path from v to w is larger than « - Dg(v,w). Consider Lines
to [6] have to hold for v,w. It follows from Line [2] that there exists an edge
set E* such that there is a path P from v to w in G that uses exactly the
edges from E*. Line [3] implies that there is a partition Xi,..., XA of the
vertices in V(E*) \ {v,w}, which are the internal vertices of P. Intuitively,
a vertex x € X; will imply that the waiting time at = is ¢. This is checked
in the next two lines of the formula. For a vertex z € X;, Line [ identifies
the two edges e, es that are incident with x and ensures that e; is used first.
Line |5| ensures that the labels on e; and ey imply that the waiting time at
z is indeed i. Finally, Line [6] identifies a shortest path from v to w in G
and compares the duration of the temporal path along the edges of E* with
the distance between v and w (times «). In particular, it ensures that the
duration of the temporal path along the edges E* is at most « - Dg(v, w).
This is a contradiction to the assumption that the duration of a fastest path
from v to w is larger than « - Dg (v, w).

For the other direction, assume that there exists a labeling A for G such
that for all v, w the duration of a fastest path from v to w is at most « -
D¢ (v, w). We argue that then, the formula ¢g a o is satisfiable. We define
a partition F4,...,FEx of E as follows. For all e € F we put e € E; if
A(e) = i. Since every edge receives exactly one label by A this clearly forms a
partition of E' and hence the predicate in Line [1| of the formula evaluates to
true. Consider Line [2| of the formula. For every v, w, we select E* to be the
edges of G that are visited by a fastest path P from v to u in the A-periodic
temporal graph (G, ). Clearly, the edges E* form a path from v to w in
G, and hence the predicate in Line [2] evaluates to true. Consider Line
next. We choose Xi,..., Xa to be the following partition internal vertices
of the path P. If the waiting time at vertex = of the temporal path P is 7,
we put z € X, ;. This clearly forms a partition and hence the predicate in
Line [3| of the formula evaluates to true. Furthermore, by the construction of
the partition, we get that Lines |4 and |5 evaluates to true. Finally, consider
Line [6] of the formula. We choose E** to be the edge set of a shortest path
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from v to w in G. Clearly, then the predicate evaluates to true, and the
cardinality of E** equals Dg(v,w). The cardinality constraint is fulfilled
since by assumption, the duration of P (which equals the sum of the waiting
times at the internal vertices) is at most « - Dg(v,w). We can conclude that
®a.Aq is satisfiable. O

Now we have all the ingredients to prove Theorem

Proof of Theorem[2]. Theorem [25] follows directly from Lemma [29, Theo-
rem @, and from the fact that ¢g . is an MSOGE-formula with a size in
O(A?) that can be computed in O(A?) time. O

To obtain Theorem , we replace all parts of the formula ¢ A o that use
linear constrains over the cardinality of sets with equivalent ones that only
use the predicate card,, , from CMSO. This concerns mainly Line |§| of PG A a-
We show in the following that using the cardinality extension, we can test
whether two vertices have a certain distance.

e path,, (v, w) tests whether the two vertices v,w € V are connected
by a path of length :

path; .1 (v,w) := 3E" : path(v,w, E') A card; 41 (E")

o dist;,+1(v,w) tests whether the distance between the two ver-
tices v,w € V is i:

dist; n41(v, w) := path,, (v, w) A /\ —pathy (v, w)

1<i/<i

We remark that the formula dist; ,,1(v, w) has size O(i).

Next, we give a formula that, for some fixed d, checks whether the du-
ration of a temporal path is exactly d. More specifically, the formula checks
whether the sum of waiting times according to the partition X, ..., XA from
Line 3| equals d. To this end we need to consider all vectors (¢1,...,¢x) such
that if | X;| = ¢; for all 1 <4 < A, then (>3- |X;]) +1=d. Let £, denote
the set of all such vectors.

e durationg(X7, ..., Xa) checks whether there exists a (¢1,...,0a) € Ly
such that | X;| = ¢; for all 1 <7 < A:

durationg( Xy, ..., Xa) := \/ ( /\ CardgmH(Xi))

(01,..Ln)ELy \1<i<A
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To obtain the size of the above formula, we need to estimate the number
of elements in L4. A straightforward bound is |£4] € O(d®). Hence, the
size of durationg(X7y,...,Xa) is in O(A - d®). Note that the set £4 (and
hence the formula durationg(X;,..., X)) can also be computed in O(d?)
time by enumerating all possible vectors (¢1,...,¢a) and checking whether
O i l)+1=d.

Now we are ready to give a CMSO formula ¢ a o that expresses SPTGR.

Yaaa = 3E1, ..., Ea : partitiona (B, ..., Ea, E)A (7)
Vo, w IE* : <path(v,w,E*)/\ (8)
3Xq,..., XA (partitionA(Xl, o X, VIES) \ {v,w})A 9)

/\ (VJ: € X; Jey,eq € B (ac =e; Ney Aconn(v, z, E*\ {e1})A
1<i<A
(10)
\/ (61 e EyNey € E(i’—‘,—i) mod A)))/\ 11
1<i’<A
/\ (distdmﬂ(v, w) = ( \/ durationg (Xy,..., X ))
1<d<diam(G) 1<d’'<a-d
(12)

Note that Lines[7]to[L1]have length O(A?). Line[12|has length O(a-diam(G)?-
A - (o - diam(G))?). Lastly, observe that if a > A, we face a trivial yes-
instance. Hence, we can estimate the size of g a o With O((A-diam(G))>+2).
Lastly, we have that 1)g A« can be computed in O((A - diam(G))>+2) time.
Now we have all the ingredients to prove Theorem

Proof of Theorem[20. The correctness of the formula can be shown in an
analogous way to Lemma [29] Hence, Theorem [26| follows from Theorem
and from the fact that ¢¥ga . is a CMSO-formula with a size in O((A -
diam(G))2*2) that can be computed in O((A - diam(G))*+2) time. O

7. A Parameterized Local Search Approach

Based on our classical hardness and inapproximability results, it is natural
to ask for good polynomial-time heuristic approaches for our problem. From
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this standpoint, we now consider a ‘parameterized local search’ version of our
problem, that is, we try to improve the stretch of a given labeling by changing
the labels of just a few edges. In general, in parameterized local search the
goal is to improve a given solution by performing a modification that is upper-
bounded by k (according to some specified measurement between solutions).
Here, k is an additional parameter often referred to as the search radius [43].
Marx [36] first considered parameterized local search for the TRAVELING
SALESPERSON problem in 2008 and since then, these kind of local search
problems were considered for many optimization problems (see [36} 24], 27, [43]
for some collections of problems).

The following problem we consider in this section generalizes the classical
parameterized local search version of SPTGR, as it does not only ask for
any improvement but rather for an improvement to some desired stretch «y.
It is formally defined as follows.

LocAL SEarRcH SPTGR (LS SPTGR)
Input: A graph G = (V,E), A € N, a labeling A\: E — [1,A], k € N,
and a number oy > 1.

Question: Does there exist a labeling ) that disagrees with A on at
most k edges, such that the stretch of A is at most aq?

Note that this problem can also be seen as a generalization of SPTGR,
as SPTGR is obtained by setting k& to the number of edges of the input
graph. Generally, our goal is to analyze the parameterized complexity of LS
SPTGR with respect to the parameter k. We present an XP-algorithm
for k, showing that we can efficiently decide whether a stretch of agy can be
achieved from our current labeling by changing only a constant number of
edge-labels. Note that by Lemma [3| we can also find the optimal stretch in
this search space with an additional polynomial factor in the running time.
A natural question is then to ask for an FPT algorithm for k. As we show,
such an algorithm presumably does not exist, as the problem is W[2]-hard
for k, even when asking for any improvement.

Theorem 30. LS SPTGR admits an XP algorithm when parameterized
with k.

Proof. Our algorithm iterates over all O(|E|*) subsets F© C E of size at
most k. For each such subset F', we then ask the question, whether we can
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achieve a stretch of ay by changing only the labels of edges of F'. That is,
we iteratively solve the following intermediate problem.

Fixep EDGES RELABEL SPTGR

Input: A graph G = (V,E), A € N, aset F C FE, a labeling \': E\
F — [1,A], and a number o > 1.

Question: Does there exist a labeling Ap: F' — [1,A], such that the
stretch of N U Ap is at most ag?

Based on the |E[*-n®®M time (which is XP time) for the iteration over all
candidate sets F', to present our XP algorithm, it suffices to show that FIXED
EDGES RELABEL SPTGR admits an XP algorithm for k. Let ey, e, ..., e
be the edges of the given set F, enumerated arbitrarily.

First, assume that k& # |E|, that is, there exists at least one edge of E
that is not in F'. For every 1 < ¢ < k denote by u; and v; the endpoints of
the edge e;; note that some edges of F' may have common endpoints. Denote
the set of all endpoints of the edges of F' by Vi = {u;,v; : 1 < i < k}.
We now define the set Np = (J ey, {e € £\ F : v € e} of all edges in G
that are not in F' but share at least one common endpoint with some edge
in F'. Furthermore, we define the set Lo = {A(e) : e € Np} of all distinct
time-labels that appear in at least one edge of Np. Let ¢ < ... < {; be the
labels of Ly in increasing order. For simplicity of the presentation, we assume
without loss of generality that ¢; = 1; this can be achieved by subtracting
¢; — 1 from the time-label of every edge. Note that t = |Lo| < |Np| <
> vevy IN(@)] = |F| < k- deg,,,, € O(n?). Finally, we define the 2t subsets
Z1, ..., Zy of time-labels, called zones, as follows. For every j =1,2,...,t—
1, we define Zy;_1 = {(;} and Zy; = {¢; +1,...,¢;41 — 1}. For j = ¢, we
define ZZt—l = {gt} and th = {ét + ]., .. 7A}

For every edge e; € F, we guess in which zone Z; the label A(e;) lies.
These are in total (2t)* different cases, as we have k edges in F and 2t
potential zones for the label of each edge. Furthermore, for every allocation
of the edges of F' to the 2t different zones of time-labels, we also guess a
permutation of the time-labels of the edges of F' which are allocated to the
same zone. These are in total at most k! different permutations. Each of
these permutations corresponds to a different relative order of the time-labels
of the edges of F'. For each of these permutations, we also guess whether two
consecutive time-labels within the same zone are equal or not; these are 2¥
different choices. Summarizing, for every allocation of the edges of F' to the
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2t different zones of time-labels, we guess the relative order of the time-labels
of the edges of I in each zone, by distinguishing which time-labels are equal
and which are different. We call each of these relative orders a time-label
profile; there are at most 2Fk! different profiles.

Let P be an arbitrary temporal path, and let eq, e5 be any two consecutive
edges in P, with v being their common endpoint. Note that, once we have
fixed an allocation of the edges of F' to the 2t different zones and a time-label
profile, we know the relative order of the time-labels ¢, and /5 of the edges
e1 and ey, respectively. More specifically, if /5 > £, then the waiting time at
v is Uy — ly; if {5 < £, then the waiting time at v is A + o — £q; if ly = {4,
then the waiting time at v is A.

Consider two arbitrary vertices z and w in GG and an arbitrary edge e¢; =
u;v; of F'. Let P be a fastest temporal path P from z to w, and assume that
P passes through e;. Without loss of generality, let P first visit u; and then
v;. Note that, given a fixed allocation of the edges of F' to the 2t different
zones and a fixed time-label profile, if e; is neither the first nor the last edge
of P, then the duration of P is independent of the exact time-label of the
edge e;. The reason is that, in this case, the relative order of the time-label
of e;, compared to the time-labels of the previous and the next edge on P,
is fixed in the given time-label profile, regardless of the exact value of the
time-label of e;.

Now suppose that e; is the last (resp. first) edge of P, ie. w = v;
(resp. w = wu;). Then, the duration of P is smallest when the time-label
of e; is the smallest (resp. largest) possible, while still respecting the relative
order of the time-labels in the given profile.

Note that, if we fix a specific time-label for each edge of F', we can trivially
compute the stretch « of this specific time-labeling. This can be done by just
computing the fastest temporal path from every vertex z to every other vertex
w, dividing its duration by the length of the shortest path between z and w
in the underlying graph G, and returning the largest of these ratios as the
stretch a of this time-labeling.

Our algorithm proceeds as follows, while examining a fixed time-label
profile. For each edge e; € F', we perform binary search for the time-label of
e; in the zone Z; in which e; is allocated (independently of any other edge e;s
of F'), until we find a time-labeling (if it exists) that gives a stretch « that
is at most the stretch threshold «y. During this procedure of performing
multiple binary searches on each edge of F' independently, we only consider
those time-labelings that conform with the current time-label profile.
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We iterate over all possible 2¥k! different profiles and, for each of them,
we perform the above binary searches. If, during this procedure, we detect a
time-labeling of the edges of F' that gives a stretch o < ag, then we return
this time-labeling; otherwise, we return that such a labeling does not exist.
The running time of this algorithm is

(2k - deg,,.. -log A)*2FE - (n 4 log A)°W = (2n%log A)*2FE! - (n + log A)OW,

as there are at most 2t < 2k - deg, .. < 2n? different allocations of each
of the k edges of F to a time-label zone, at most 2¥k! different profiles, all
independent binary searches on the k edges can be performed in (log A)*
time, which is XP time, since the input size includes log A. Thus this is
an XP algorithm for FIXED EDGES RELABEL SPTGR with respect to the
parameter k. By implementing the above algorithm iteratively for each of
the O(|E|¥) subsets F' C E of k edges, we obtain an XP algorithm for LS
SPTGR with respect to k.

Second, assume that k = |E|, that is, every edge of the graph is in the
set F. Then Nr = () and ¢ = 0. In this case, we create just one time-label
zone Z; = {1,...,A} that contains all possible A time-labels, and then we
perform exactly the same algorithm as above. As we now have only one zone
of time-labels, the running time becomes (log A)*2Fk! - (n +log A)°M. O

We now show that there is presumably no FPT algorithm for LS SPTGR
for parameter k; recall that k is part of the input.

Theorem 31. LS SPTGR is W/2/-hard when parameterized by k.

Proof. We show that it is W|[2]-hard to decide whether a stretch of oy = a—e
can be achieved by changing the labels of at most k labels.
We reduce from HITTING SET which is W[2]-hard for & [11].

HITTING SET

Input: A universe U, a set of hyperedges F C 2V, and k € N.

Question: Isthere a hitting set of size at most k for F, that is, aset S C U
of size at most k, such that S N F # () for each F € F?

Let I := (U, F, k) be an instance of HITTING SET and assume without
loss of generality that each hyperedge has size at least k. Let G be the
incidence graph of I, that is, the bipartite graph that (i) contains for each
element u € U a vertex u, (ii) contains for each hyperedge F' € F a vertex vp,
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Figure 7: An illustration for the reduction behind Theorem [31] for the instance I of HiT-
TING SET with. All edges receive label 1 under the initial labeling. For each vertex a;
and each vertex vp € Vg, at least one edge from c to a vertex u with v € F needs to be
relabeled from 1 to 2, to ensure that there is a path of duration less than 5 between a;
and vg. This then resembles a hitting set.

and (iil) contains an edge {u,vp} withu € U and F' € F if and only if u € F.
Let Vr :={vp | F € F}. We now extend G as follows: First, we make Vg
a clique in G. Next, we add a vertex ¢ to G which we make adjacent to
all vertices of U. Finally, we add k£ + 1 degree-1 neighbors for ¢ to G. We
denote these degree-1 neighbors by a; with ¢ € [1, k£ + 1]. This completes the
definition of G. An illustration of this construction is depicted in Figure [7]

Now, let A := 2 and let A\: E(G) — {1,2} be the labeling that assigns
label 1 to each edge.

Note that the diameter of G is 3 and that the vertex pairs of distance 3
are exactly the pairs of A x Vz where A := {a; | i € [1,k + 1]}. Hence, the
stretch is A — % = % and can only be improved if for each pair of A x Vz,
at least one path has duration less than 5.

We now show that there is a hitting set of size at most k£ for F if and
only if there is a labeling X' that changes the labels of at most k& edges, such
that the stretch of )\ is strictly better than the stretch of .

(=) Let S be a hitting set of size at most & for 7. We define a labeling \’
as follows: For each element u € S, we set A({c,u}) := 2. We assign label 1
to all other edges. Hence, only the label of at most k& edges was changes
with respect to . It remains to show that the stretch of X' is better than the
stretch of A. Since the stretch of g is only achieved for vertex pairs of A x Vz.

We show that for these vertex pairs there is a path of duration 3 under )/,
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which then implies that the stretch of X' is better than the stretch of \.

Let F' € F and let a; € A. Since S is a hitting set for F, there is some
element u € SN F. Hence, by definition of X', X ({c,u}) = 2. Moreover,
since u € F, {vp,u} is an edge of G that receives label 1 under X. Finally,
{c,a;} also receives label 1 under . This implies that the path (vg,u,c,a;)
(and its reverse) has labels (1,2,1) and thus a duration of 3. Consequently,
M\ has a stretch strictly better than g

(<) Let X: E(G) — {1,2} be a labeling that achieves a stretch strictly
better than % while only changing the labels of at most k. Let X denote
these edges. This implies that for each distance-3 vertex pair (a;,vp) €
A X Vg, there are paths of duration at most 4 between a; and vy under \.
Since |A| = k+1, there is at least one edge of {{a;,c} | i € [1, k+1]} that still
receives label 1 under \. Hence, we can assume without loss of generality
that X N {{a;,c} |i € [1,k+1]} =0.

Now, we analyze the structure of the labeling A'. First, we show that
we can assume without loss of generality that X is a subset of the edges
of {{c,u} | u e U}.

Let F € F. Since there is a path under X' from vp to a; of duration at
most 4, we only have to consider two cases.

e Each path P of duration at most 4 between vg and a; has length at
least 4 (and thus exactly 4), or

e there is a path P of duration at most 4 and length 3 between vr and a;.

In the first case, the path P is of the form (vg,vp,u,c,a;) for a hyper-
edge F' € F distinct from F' and an element v € F’. Since P has du-
ration 4 and XN ({c,a1}) = 1, P has the labels (2,1,2,1), which implies
that {vp,vp} € X. Let v/ € F. Consider the labeling \” obtained from \
by labeling {vp, v} to 1 and labeling {c¢,u'} to 2. Hence, the number of
changes with respect to A is at most k and each pair of A x Vz still ad-
mits paths of duration at most 4. This is due to the fact, that (i) for v,
the path (vgr,u,c,aq) still has labels (1,2,1) and thus a duration of 3 < 4,
(ii) (vp,v,c,ay) has now labels (1,2,1) or (2,2,1), which implies a path of
duration at most 4, and (iii) only the vertices vp and vg can traverse the
edge {vp, v} on any path of length at most 4 towards a vertex of A.
Hence, after applying this exchange operation exhaustively, we can as-
sume that for each F' € F, there is a path of length 3 and duration at most 4
from vp to a;. That is, there is a path P = (vg,u,c,a;) for some u € F.
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Since this path has duration at most 4, X contains at least one of {vg,u}
and {u, c} (since {c,a,} ¢ X). If {u,c} ¢ X, then {vp,u} € X. Consider the
labeling \” obtained from X\ by labeling {vg,u} with 1 and labeling {u, c}
with 2. Hence, the number of changes with respect to A is at most k£ and
each pair of A x Vr still admits paths of duration at most 4 and length at
most 3.

Hence, after exhaustively applying this operation, for each F' € F, there
is some u € F such that {c¢,u} € X. Since X has size at most k, this implies
that there is a hitting set of size at most k for F. O

8. Conclusion

In this paper, we investigated a natural temporal graph realization prob-
lem, where the durations of the fastest connections in the produced periodic
temporal graph shall be at most a multiplicative factor times the correspond-
ing distances in the static graph. Among other results, we showed that the
problem is hard to solve exactly and also hard to approximate within a
constant factor on general instances. We also designed a polynomial time
algorithm for general graphs and that achieves a factor-2 approximation on
trees, whereas there are NP-hard instances for which the guaranteed stretch
is tight. Our work leaves several natural future work directions: Are there
instances where the optimal stretch is strictly larger than %? What is the
complexity of SPTGR for A =27 Can we identify larger graph classes than
trees, where we can achieve a constant-factor approximation? What is the
parameterized complexity of SPTGR with respect to structural parameters
of the input graph (independent of A, e.g. treewidth by itself)? What types
of results can we achieve when we allow an additive stretch, or if we want to
minimize the average stretch?
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pendix A. Deferred Proofs

For the sake of completeness, we provide the proofs of Claim [20.]]

and Lemma [2I] thus verifying the correctness of Theorem [1§|

Appendiz A.1. Proof of Claim

Proof of Claim. To prove the statement, we show the existence of two special
kinds of fast paths:

e For each v € V UY, there is a vertex z € X that is part of the same
sunglasses gadget of v and a path P, of duration at most A — 1 from =z
to v that starts with an edge of label /3.

e For each v € VUY U X and each distinct vertex z € X, there is a
path P, , from v to x with (i) duration at most ¢3 that ends with an

edge of label ¢y or (ii) duration at most ¢, that ends with an edge of
label /;.
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First, we show the existence of the first type of fast paths. Let € = {u, w}
be the non-edge of G for which v is a vertex of the sunglasses gadget S.
Since v is not a vertex of X, we can assume without loss of generality that v
is part of the chronological cycle C¥. We set x to be the unique vertex
of X in Sz that is part of the chronological (w,u)-path. By definition of the
sunglasses labeling, = has a neighbor s in C¥, such that edge {s, z} receives
label /5 and the edge of s towards its successor in C¥ has label /5+1. Consider
the path P, that starts at x, moves to s, and then follows the chronological
cycle C¥ until reaching vertex v. Since A is even, C¥ contains A —1 vertices.
Hence, P, contains at most A vertices and thus A — 1 edges. By choice of z,
the labels of P, increase by exactly one (modulo A) for consecutive edges.
This implies that P, has duration of at most A — 1. Moreover, if v € V, then
the last edge of P, has label A.

Next, we show the existence of the second type of fast paths. Let v €
V' UY UX and each distinct vertex z € X. We distinguish three cases:

Case: v € X. Then {v,z} is an edge of label ¢5, which proves the
existence of the claimed path.

Case: v € Y. By definition of the sunglasses labeling, there is a zigzag
path Z from v to some vertex 2’ € X which is part of the same chronological
cycle, such that Z has duration at most ¢; and reaches vertex ' with an edge
of label ¢;. If x = 2/, this shows the existence of the claimed path. Otherwise,
further traverse the edge {2/, x} with label ¢5. This then implies a path of
duration at most /5 that reaches x with an edge of label /5, which proves the
existence of the claimed path. Note that in both cases, the duration of the
presented path to x is by one lower than the stated duration. We will make
use of that additional duration 1 in the following final case.

Case: v € V. If v € V, then there is a chronological cycle C' attached
to v, and v has an incident edge in C' of label A. Let s denote the endpoint
of this edge. The above discussed zigzag path Z from s to some vertex of X
starts with label 1. Hence, by going from v to s at time A and then following
the zigzag path from s to x, we obtain a desired path from v to some vertex
of X, since it only increases the proven duration of the path from s to x by
one. In particular, note that this path starts with label A. This shows the
existence of the second type of fast paths.

Based on the existence of these types of fast paths, we can now prove the
claim. Let v €e VUY U X and let w € VUY U X. Due to symmetry, we
only present a fast path from v to w. Since both v and w are vertices of
at least one sunglasses gadget, the above implies that there is a path P, of
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duration at most A — 1 from some vertex x € X to w. Moreover, the label
of the first edge of P, is ¢3. Additionally, by the above, there is a path P, ,
from v to x with (i) duration at most ¢3 that ends with an edge of label ¢y
or (ii) duration at most ¢y that ends with an edge of label ¢;. In both cases,
the duration of the path P from v to w obtained from first following P, ,
and then following P, is at most /3 + A —1 =/, + A =3 %. Moreover,
it v € V, then the first label of P is A, since the first label of P, is A.
Finally, if w € V, then the last label of P is A, since the last label of P,
is A. |

Appendiz A.2. Proof of Lemma

Proof. Recall that V* = {v{} since A = 4. For better readability, de-
note v* := vj. Further, recall that v* is a degree-1 neighbor of c. Moreover,
the neighborhood of ¢ is V' U {¢1, ¢, c3} U {v*}, the neighborhood of each
vertex of ¢; is {¢, ¢1, 9,3} U X, and each vertex of YV is adjacent to at least
one vertex of V' and at least one vertex of X. In other words, no vertex
of V' has distance more than 2 (3) with {c,c;,c,c3} (v*), the vertices of
distance exactly 2 (3) with ¢ (v*) are the vertices of X UY', the vertices of
distance exactly 2 with v* are the vertices of V' U{¢y, ¢2, c3}, and the vertices
of distance 2 with any vertex of {c1, c2, 3} are the vertices of VUY.

First, we consider the vertex ¢ = v*. By definition of A, the edge {v*,c}
receives label 4. This is the incident with ¢ of label 4. Hence, ¢ is a nice
neighbor of v* and each other neighbor of ¢, that is, for each vertex z €
V U {c1, e, 3}, ¢ is a nice neighbor of v* and vertex z. This implies that
the statement hold for all vertices z € V' with distance at most two with v*.
Hence, consider a vertex z of distance exactly 3 with v*. By the initial
argument on the distances in G’, z is a vertex of Y. Moreover, by definition
of the sunglasses gadgets and the sunglasses labeling, there is a vertex z € X
in the same sunglasses gadget as z, such that the edge between z and x is part
of a zigzag path (of length one) and thus receives label ¢; = 1. This holds,
since A = 4. Consider the path P, := (v*, ¢, o, x,2). By definition of A,
the labels of the edges of this path are 4,2,4,1. Hence, P,- ., has a duration
of 6 =3- % = % - Dy« .. Moreover, note that the subpath (c, 2, x, z) has a
duration of 4 = A = % - D.... Now, consider the path P, - := (z,z, c3, ¢, v").
By definition of A, the labels of the edges of this path are 1,2,3,4. Hence,
P, . has a duration of 4 < 3 - % = % - Dy« .. Moreover, note that the
subpath (z, z, c3, ¢) has a duration of 3 < A = % - D, .. Hence, the statement
holds for ¢ = v*.
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Next, we consider the case ¢ = c¢. Recall that the only vertices of distance
more than 1 with ¢ are the vertices of X UY. As argued by the above
subpaths, for each vertex y of Y, there are paths of duration at most % D, ,
each between ¢ and v. Hence, we only have to consider the durations of paths
between ¢ and vertices of X. For each such vertex x € X, A({¢c,c1}) =1 #
4 = A({c1,z}). That is, ¢; is a nice neighbor of both ¢ and x. This implies
that there are paths between ¢ and x of duration at most A = % - D, each.
Hence, the statement holds for ¢ = v*.

It remains to consider the case of ¢ € {c;,cq,c3}. Recall that the only
vertices of distance more than 1 with ¢ are the vertices of V UY. Let z €
Y. As discussed before, there is a vertex x € X in the same sunglasses
gadget as z, such that the edge between z and x is part of a zigzag path
(of length one) and thus receives label ¢; = 1. This holds, since A = 4.
Hence, A({z,2}) = 1 # A{z,q}) € {2,4}. That is, x is a nice neighbor
of both z and ¢. This implies that there are paths between ¢ and x of
duration at most A = % - D, each. Finally, let z € V. Moreover, let ¢ €
{1,2, 3}, such that ¢ = ¢;. Note that ¢ is a common neighbor of v; and z
and that A({c, ¢;}) =i. If A({2,¢}) # 4, then ¢ is a nice neighbor of z and ¢;.
In this case, the statement holds. Thus, assume that A\({z,¢}) = i. We
distinguish three cases.

Case: i = 1. Consider the paths P, = (c1,¢3,¢,2) and P, :=
(z,¢,¢9,c1). The labels of the edges of these paths are 2,3,1, and 1,2, 3,
respectively.

Case: ¢ = 2. Consider the paths P, . := (¢, ¢1,¢,2) and P, =
(z,¢,¢3,c2). The labels of the edges of these paths are 3,1,2, and 2,3, 1,
respectively.

Case: ¢ = 3. Consider the paths P, = (c3,¢2,¢,2) and P, =
(z,¢,c1,c3). The labels of the edges of these paths are 1,2,3, and 3,1, 2,
respectively.

In all three cases, the described paths between ¢; and z have duration
at most 4 = A = % - D, . each. Thus, the statement also holds for ¢ €
{c1, 2, c3}. This completes the proof. O
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