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Abstract

In a temporal network with discrete time-labels on its edges, information can
only “flow” along sequences of edges with non-decreasing (resp. increasing)
time-labels. In this paper we make a first attempt to understand how the di-
rection of information flow on one edge can impact the direction of information
flow on other edges. By naturally extending the classical notion of a transitive
orientation in static graphs, we introduce the fundamental notion of a temporal
transitive orientation, and we systematically investigate its algorithmic behav-
ior. Our main result is a conceptually simple, yet technically quite involved,
polynomial-time algorithm for recognizing whether a temporal graph G is tran-
sitively orientable. In wide contrast we prove that, surprisingly, it is NP-hard
to recognize whether G is strictly transitively orientable. Additionally we intro-
duce further related problems to temporal transitivity, notably among them the
temporal transitive completion problem, for which we prove both algorithmic
and hardness results.
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1. Introduction

A temporal (or dynamic) network is, roughly speaking, a network whose
underlying topology changes over time. This notion concerns a great variety
of both modern and traditional networks; information and communication net-
works, social networks, and several physical systems are only few examples of
networks which change over time [40, 43| 28]. Due to its vast applicability in
many areas, the notion of temporal graphs has been studied from different per-
spectives under several different names such as time-varying, evolving, dynamic,
and graphs over time (see [16] [I4] [I5] and the references therein). In this pa-
per we adopt a simple and natural model for temporal networks which is given
with discrete time-labels on the edges of a graph, while the vertex set remains
unchanged. This formalism originates in the foundational work of Kempe et
al. [29].

Definition 1 (Temporal Graph [29]). A temporal graph is a pair G = (G, \),
where G = (V, E) is an underlying (static) graph and A : E — 2" is a time-
labeling function which assigns to every edge of G a discrete-time label. When-
ever [A(e)| =1 for every edge e € E, then G is a single-labeled temporal graph.

In this paper we only consider single-labeled temporal graphs, while, for
simplicity of presentation, we refer to them as just temporal graphs. Mainly
motivated by the fact that, due to causality, entities and information in tem-
poral graphs can only “flow” along sequences of edges whose time-labels are
non-decreasing (resp. increasing), Kempe et al. introduced the notion of a
(strict) temporal path, or (strict) time-respecting path, in a temporal graph
(G, \) as a path in G with edges e1,ea,...,ex such that A(e;) < ... < A(ex)
(resp. Ae1) < ... < Alex)). This notion of a temporal path naturally resembles
the notion of a directed path in the classical static graphs, where the direction
is from smaller to larger time-labels along the path. Nevertheless, in temporal
paths the individual time-labeled edges remain undirected: an edge e = {u, v}
with time-label A\(e) = ¢ can be abstractly interpreted as “u communicates with
v at time t”. Here the relation “communicates” is symmetric between v and v,
i.e. it can be interpreted that the information can flow in either direction.

In this paper we make a first attempt to understand how the direction of
information flow on one edge can impact the direction of information flow on
other edges. More specifically, naturally extending the classical notion of a tran-
sitive orientation in static graphs [25], we introduce the fundamental notion of
a temporal transitive orientation and we thoroughly investigate its algorithmic
behavior in various situations. Imagine that v receives information from wu at
time ¢1, while w receives information from v at time ¢35 > t;. Then w indirectly
receives information from u through the intermediate vertex v. Now, if the
temporal graph correctly records the transitive closure of information passing,
the directed edge from u to w must exist and must have a time label t3 > t5.
In such a transitively oriented temporal graph, whenever an edge is oriented
from a vertex u to a vertex w with time-label ¢, we have that every temporal
path from u to w arrives no later than ¢, and that there is no temporal path



from w to u. Different notions of temporal transitivity have also been used
for automated temporal data mining [42] in medical applications [41], text pro-
cessing [47]. These notions of temporal transitivity are defined on the so-called
“Allen’s temporal relations” [0], which are relations defined on time intervals.
These transitivity notions are conceptually very different from our setting where
we focus on a temporal ordering of events that happen on the edges of a tempo-
ral graph. Furthermore, in behavioral ecology, researchers have used a notion of
orderly (transitive) triads A-B-C to quantify dominance among species. In par-
ticular, animal groups usually form dominance hierarchies in which dominance
relations are transitive and can also change with time [34].

One natural motivation for our temporal transitivity notion may come from
applications where confirmation and verification of information is vital, where
vertices may represent entities such as investigative journalists or police detec-
tives who gather sensitive information. Suppose that v queried some important
information from u (the information source) at time ¢1, and afterwards, at time
to > t1, w queried the important information from v (the intermediary). Then,
in order to ensure the validity of the information received, w might want to
verify it by subsequently querying the information directly from u at some time
t3 > t3. Note that w might first receive the important information from u
through various other intermediaries, and using several channels of different
lengths. Then, to maximize confidence about the information, w should query
u for verification only after receiving the information from the latest of these
indirect channels.

It is worth noting here that the model of temporal graphs given in Defini-
tion[I] has been also used in its extended form, in which the temporal graph may
contain multiple time-labels per edge [36]. This extended temporal graph model
has been used to investigate temporal paths [50, 10} 12}, 17, 136 [3] and other tem-
poral path-related notions such as temporal analogues of distance and diame-
ter [1, reachability [2] and exploration [3 1}, 22} 21], separation [23, 51} [29], and
path-based centrality measures [30, [I3], as well as recently non-path problems
too such as temporal variations of coloring [39], vertex cover [4], matching [37],
cluster editing [19], and maximal cliques [49] 27, [9]. However, in order to better
investigate and illustrate the inherent combinatorial structure of temporal tran-
sitivity orientations, in this paper we mostly follow the original definition of tem-
poral graphs given by Kempe et al. [29] with one time-label per edge [18, 20, [§].
Throughout the paper, whenever we assume multiple time-labels per edge we
will state it explicitly; in all other cases we consider a single label per edge.

In static graphs, the transitive orientation problem has received extensive
attention which resulted in numerous efficient algorithms. A graph is called
transitively orientable (or a comparability graph) if it is possible to orient its
edges such that, whenever we orient v towards v and v towards w, then the edge
between u and w exists and is oriented towards w. The first polynomial-time
algorithms for recognizing whether a given (static) graph G on n vertices and m
edges is comparability (i.e. transitively orientable) were based on the notion of
forcing an orientation and had running time O(n?) (see Golumbic [25] and the
references therein). Faster algorithms for computing a transitive orientation of



a given comparability graph have been later developed, having running times
O(n?) [45] and O(n + mlogn) [31], while the currently fastest algorithms run
in linear O(n + m) time and are based on efficiently computing a modular de-
composition of G [33] [32]; see also Spinrad [46]. It is fascinating that, although
all the latter algorithms compute a valid transitive orientation if G is a compa-
rability graph, they fail to recognize whether the input graph is a comparability
graph; instead they produce an orientation which is non-transitive if G is not a
comparability graph. The fastest known algorithm for determining whether a
given orientation is transitive requires matrix multiplication, currently achieved
in O(n237286) time [6].

Our contribution. In this paper we introduce the notion of temporal
transitive orientation and we thoroughly investigate its algorithmic behavior
in various situations. An orientation of a temporal graph G = (G, \) is called
temporally transitive if, whenever u has a directed edge towards v with time-
label ¢; and v has a directed edge towards w with time-label ¢3 > ¢1, then u
also has a directed edge towards w with some time-label t3 > t5. If we just
demand that this implication holds whenever to > t1, the orientation is called
strictly temporally transitive, as it is based on the fact that there is a strict
directed temporal path from v to w. Similarly, if we demand that the transitive
directed edge from u to w has time-label t3 > t5, the orientation is called strongly
(resp. strongly strictly) temporally transitive.

Although these four natural variations of a temporally transitive orientation
seem superficially similar to each other, it turns out that their computational
complexity (and their underlying combinatorial structure) varies massively. In-
deed we obtain a surprising result in Section [3} deciding whether a temporal
graph G admits a temporally transitive orientation is solvable in polynomial time
(Section , while it is NP-hard to decide whether it admits a strictly tempo-
rally transitive orientation (Section . On the other hand, it turns out that,
deciding whether G admits a strongly or a strongly strictly temporal transitive
orientation is (easily) solvable in polynomial time as they can both be reduced
to 2SAT satisfiability.

Our main result is that, given a temporal graph G = (G, \), we can decide in
polynomial time whether G is transitively orientable, and at the same time we
can output a temporal transitive orientation if it exists. Although the analysis
and correctness proof of our algorithm is technically quite involved, our algo-
rithm is simple and easy to implement, as it is based on the notion of forcing an
orientationﬂ Our algorithm extends and generalizes the classical polynomial-
time algorithm for computing a transitive orientation in static graphs described
by Golumbic [25]. The main technical difficulty in extending the algorithm
from the static to the temporal setting is that, in temporal graphs we cannot
simply use orientation forcings to eliminate the condition that a triangle is not
allowed to be cyclically oriented. To resolve this issue, we first express the

5That is, orienting an edge from u to v forces us to orient another edge from a to b.



recognition problem of temporally transitively orientable graphs as a Boolean
satisfiability problem of a mized Boolean formula ¢3nag A ¢osat. Here ¢snag is
a 3NAE formula, i.e., the disjunction of clauses with three literals each, where
every clause NAE({q, 0o, 03) is satisfied if and only if at least one of the literals
{l1,02,03} is equal to 1 and at least one of them is equal to 0. Note that every
clause NAE(¢y, £2, {3) corresponds to the condition that a specific triangle in the
temporal graph cannot be cyclically oriented. Furthermore ¢ogar is a 2SAT
formula, i.e., the disjunction of 2CNF clauses with two literals each, where ev-
ery clause (¢1 V £s) is satisfied if and only if at least one of the literals {¢, 5}
is equal to 1. However, although deciding whether ¢ogaT is satisfiable can be
done in linear time with respect to the size of the formula [7], the problem
Not-All-Equal-3-SAT is NP-complete [44].

In the second part of our paper (Section we consider a natural extension of
the temporal orientability problem, namely the temporal transitive completion
problem. In this problem we are given a (partially oriented) temporal graph
G and a natural number k, and the question is whether it is possible to add
at most k new edges (with the corresponding time-labels) to G such that the
resulting temporal graph is (strongly/strictly/strongly strictly) transitively ori-
entable. We prove that all four versions of temporal transitive completion are
NP-complete, even when the input temporal graph is completely unoriented.
In contrast we show that, if the input temporal graph G is directed (i.e. if
every time-labeled edge has a fixed orientation) then all versions of temporal
transitive completion are solvable in polynomial time. As a corollary of our
results it follows that all four versions of temporal transitive completion are
fixed-parameter-tractable (FPT) with respect to the number ¢ of unoriented
time-labeled edges in G.

In the third and last part of our paper (Section we consider the multilayer
transitive orientation problem. In this problem we are given an undirected
temporal graph G = (G, \), where G = (V, E), and we ask whether there exists
an orientation F of its edges (i.e. with exactly one orientation for each edge of
@) such that, for every ‘time-layer” ¢ > 1, the (static) oriented graph induced by
the edges having time-label ¢ is transitively oriented in F'. Problem definitions
of this type are commonly referred to as multilayer problems [11]. Observe that
this problem trivially reduces to the static case if we assume that each edge has
a single time-label, as then each layer can be treated independently of all others.
However, if we allow G to have multiple time-labels on every edge of G, then
we show that the problem becomes NP-complete, even when every edge has at
most two labels.

2. Preliminaries and Notation

Given a (static) undirected graph G = (V, E), an edge between two vertices
u,v € V is denoted by the unordered pair {u,v} € F, and in this case the ver-
tices u, v are said to be adjacent. If the graph is directed, we will use the ordered
pair (u,v) (resp. (v,u)) to denote the oriented edge from u to v (resp. from v to
u). For simplicity of the notation, we will usually drop the parentheses and the



comma when denoting an oriented edge, i.e. we will denote (u,v) just by wuv.
Furthermore, o = {uv,vu} is used to denote the set of both oriented edges uv
and vu between the vertices u and v.

Let S C FE be a subset of the edges of an undirected (static) graph G =
(V,E), and let § = {uv,vu : {u,v} € S} be the set of both possible orientations
wv and vu of every edge {u,v} € S. Let F C §. If F contains at least one
of the two possible orientations uv and vu of each edge {u,v} € S, then F is
called an orientation of the edges of S. F is called a proper orientation if it
contains ezactly one of the orientations uv and vu of every edge {u,v} € S.
Note here that, in order to simplify some technical proofs, the above definition
of an orientation allows F' to be not proper, i.e. to contain both uv and vu for a
specific edge {u,v}. However, whenever F' is not proper, this means that F' can
be discarded as it cannot be used as a part of a (temporal) transitive orientation.
For every orientation F denote by FF~! = {vu : uv € F'} the reversal of F. Note
that F N F~! = ( if and only if F is proper.

In a temporal graph G = (G, A), where G = (V, E), whenever A({v,w}) =t
(or simply A(v,w) = t), we refer to the tuple ({v,w},t) as a time-edge of G. A
triangle of (G, A) on the vertices u,v,w is a synchronous triangle if A(u,v) =
Av,w) = AMw,u). Let G = (V, E) and let F be a proper orientation of the whole
edge set E. Then (G, F), or (G, \, F), is a proper orientation of the temporal
graph G; for simplicity we may also write that F' is a proper orientation of G.
A partial proper orientation F of a temporal graph G = (G, \) is an orientation
of a subset of E. To indicate that the edge {u,v} of a time-edge ({u,v},t) is
oriented from u to v (that is, uv € F' in a (partial) proper orientation F'), we use
the term ((u,v),t), or simply (uv,t). For simplicity we may refer to a (partial)
proper orientation just as a (partial) orientation, whenever the term “proper”
is clear from the context.

A static graph G = (V, E) is a comparability graph if there exists a proper
orientation F' of F which is transitive, that is, if FNF~' = and F? C F, where
F? = {uw : uwv,vw € F for some vertex v} [25]. Analogously, in a temporal
graph G = (G, \), where G = (V, E), we define a proper orientation F of E to
be temporally transitive, if:

whenever (uv,t;) and (vw,t2) are oriented time-edges in (G, F') such that
ty > ti1, there exists an oriented time-edge (uw,t3) in (G, F), for some
t3 > L.

In the above definition of a temporally transitive orientation, if we replace
the condition “t3 > t3” with “t3 > to”, then F' is called strongly temporally
transitive. If we instead replace the condition “to > t1” with “ty > t1”, then F
is called strictly temporally transitive. If we do both of these replacements, then
F is called strongly strictly temporally transitive. Note that strong (strict) tem-
poral transitivity implies (strict) temporal transitivity, while (strong) temporal
transitivity implies (strong) strict temporal transitivity. Furthermore, similarly
to the established terminology for static graphs, we define a temporal graph
G = (G, \), where G = (V, E), to be a (strongly/strictly) temporal comparability



graph if there exists a proper orientation F of E which is (strongly/strictly)
temporally transitive.

We are now ready to formally introduce the following decision problem of
recognizing whether a given temporal graph is temporally transitively orientable
or not.

TEMPORAL TRANSITIVE ORIENTATION (TTO)

Input: A temporal graph G = (G, \), where G = (V, E).
Question: Does G admit a temporally transitive orientation F' of E?

In the above problem definition of TTO, if we ask for the existence of a
strictly (resp. strongly, or strongly strictly) temporally transitive orientation F,
we obtain the decision problem STRICT (resp. STRONG, or STRONG STRICT)
TEMPORAL TRANSITIVE ORIENTATION (TTO).

Let G = (G, \) be a temporal graph, where G = (V, E). Let G' = (V,E')
be a graph such that £ C E’, and let \': E' — N be a time-labeling function
such that A (u,v) = A(u,v) for every {u,v} € E. Then the temporal graph
G = (G',X) is called a temporal supergraph of G. We can now define our next
problem definition regarding computing temporally orientable supergraphs of
g.

TEMPORAL TRANSITIVE COMPLETION (TTC)

Input: A temporal graph G = (G, \), where G = (V, E), a (partial)
orientation F' of G, and an integer k.

Question: Does there exist a temporal supergraph G’ = (G', ') of (G, \),
where G’ = (V, E’), and a transitive orientation F’ O F of G’
such that |E'\ E| < k?

Similarly to TTO, if we ask in the problem definition of TTC for the exis-
tence of a strictly (resp. strongly, or strongly strictly) temporally transitive ori-
entation F’, we obtain the decision problem STRICT (resp. STRONG, or STRONG
STRICT) TEMPORAL TRANSITIVE COMPLETION (TTC).

Now we define our final problem which asks for an orientation F' of a tempo-
ral graph G = (G, \) (i.e. with exactly one orientation for each edge of G) such
that, for every “time-layer” t > 1, the (static) oriented graph defined by the
edges having time-label ¢ is transitively oriented in F'. This problem does not
make much sense if every edge has exactly one time-label in G, as in this case
it can be easily solved by just repeatedly applying any known static transitive
orientation algorithm. Therefore, in the next problem definition, we assume
that in the input temporal graph G = (G, \) every edge of G potentially has
multiple time-labels, i.e. the time-labeling function is A : £ — 2.

MULTILAYER TRANSITIVE ORIENTATION (MTO)

Input: A temporal graph G = (G, A), where G = (V,E) and A\ : E —
2N,

Question: Is there an orientation F' of the edges of G such that, for every
t > 1, the (static) oriented graph induced by the edges having
time-label ¢ is transitively oriented?
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Table 1: Orientation conditions imposed by a triangle (left) and an induced path of length
two (right) in the underlying graph G for the decision problems (STRICT/STRONG/STRONG
STRrICT) TTO. Here, T means that no restriction is imposed, | means that the graph is not
orientable, and in the case of triangles, “non-cyclic” means that all orientations except the
ones that orient the triangle cyclicly are allowed.

3. The recognition of temporally transitively orientable graphs

In this section we investigate the computational complexity of all variants
of TTO. We show that TTO as well as the two variants STRONG TTO and
STRONG STRICT TTO, are solvable in polynomial time, whereas STRICT TTO
turns out to be NP-complete.

The main idea of our approach to solve TTO and its variants is to create
Boolean variables for each edge of the underlying graph GG and interpret setting
a variable to 1 or 0 as the two possible ways of directing the corresponding edge.

More formally, for every edge {u, v} we introduce a variable z,, and setting
this variable to 1 corresponds to the orientation uv while setting this variable to
0 corresponds to the orientation vu. Now consider the example of Figure (a),
i.e. an induced path of length two in the underlying graph G on three vertices
u,v,w, and let A(u,v) = 1 and A(v,w) = 2. Then the orientation uv “forces”
the orientation wv. Indeed, if we otherwise orient {v,w} as vw, then the edge
{u,w} must exist and be oriented as uw in any temporal transitive orientation,
which is a contradiction as there is no edge between v and w. We can express
this “forcing” with the implication z,, = . In this way we can deduce
the constraints that all triangles or induced paths on three vertices impose on
any (strong/strict/strong strict) temporal transitive orientation. We collect all
these constraints in Table [I1

When looking at the conditions imposed on temporal transitive orientations
collected in Table |1} we can observe that all conditions except “non-cyclic” are



expressible in 2SAT. Since 2SAT is solvable in linear time [7], it immediately fol-
lows that the strong variants of temporal transitivity are solvable in polynomial
time, as the next theorem states.

Theorem 2. STRONG TTO and STRONG STRICT TTO are solvable in poly-
nomial time.

In the variants TTO and STrICT TTO, however, we can have triangles
which impose a “non-cyclic” orientation of three edges (Table |1)). This can be
naturally modeled by a not-all-equal (NAE) clauseﬂ However, if we now naively
model the conditions with a Boolean formula, we obtain a formula with 2SAT
clauses and 3NAE clauses. Deciding whether such a formula is satisfiable is
NP-complete in general [44]. Hence, we have to investigate these two variants
more thoroughly.

The only difference between the triangles that impose these “non-cyclic”
orientations in these two problem variants is that, in TTO, the triangle is
synchronous (i.e. all its three edges have the same time-label), while in STRICT
TTO two of the edges are synchronous and the third one has a smaller time-
label than the other two. As it turns out, this difference of the two problem
variants has important implications on their computational complexity. In fact,
we obtain a surprising result: TTO is solvable in polynomial time while STRICT
TTO is NP-complete.

In Section [3.I] we prove that STRICT TTO is NP-complete and in Section [3.2]
we provide our polynomial-time algorithm for TTO.

8.1. STrICT TTO is NP-Complete

In this section we show that in contrast to the other variants, STRicT TTO
is NP-complete.

Theorem 3. STRICT TTO is NP-complete even if the temporal input graph
has only four different time labels.

Proof. We present a polynomial time reduction from (3,4)-SAT [48] where,
given a CNF formula ¢ where each clause contains exactly three literals and each
variably appears in exactly four clauses, we are asked whether ¢ is satisfiable
or not. Given a formula ¢, we construct a temporal graph G as follows.

Variable gadget. For each variable x that appears in ¢, we add eight vertices
Az, al by by eyl dy,dl, to G. We connect these vertices as depicted in Fig-
ure [1} that is, we add the following time edges to G: ({as,a,},1), ({al,b.},2),
(e, 0, 3,1), ({0, 2}, 2), ({ew, 1), ({hyda}s 2), ({da, dl ), 1), ({d aa}s 2).
Clause gadget. For each clause ¢ of ¢, we add six vertices uc, ul, v, V%, We, W,
to G. We connect these vertices as depicted in Figure [2| that is, we add the
following time edges to G: ({ue,ul},2), (ve,vl}, 1), {we, wl},2), ({te,ve},2),
({ve,we}, 3), ({we, ek, 3), ({ve, we}, 3), ({we, v}, 3).

6 A not all equal clause is a set of literals and it evaluates to true if and only if at least two
literals in the set evaluate to different truth values.
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Figure 1: Illustration of the variable gadget used in the reduction in the proof of Theorem @

Figure 2: Illustration of the clause gadget used in the reduction in the proof of Theorem @
and three ways how to orient the edges in it.

Connecting variable gadgets and clause gadgets. Let variable x appear for the
1th time in clause c and let x appear in the jth literal of c¢. The four vertex pairs
(az,al,), (bs, b)), (cay ), (dy, dl) from the variable gadget of « correspond to the
first, second, third, and fourth appearance of z, respectively. The three vertices
uc,vc,wé correspond to the first, second, and third literal of ¢, respectively.
Let ¢ = 1 and j = 1. If x appears non-negated, then we add the time edge
({az,ul},4). Otherwise, if x appears negated, we add the time edge ({a’,, u.},4).
For all other values of i and j we add time edges analogously.

This finishes the reduction. It can clearly be performed in polynomial time.

(=): Assume that we have a satisfying assignment for ¢, then we can orient
G as follows. Then if a variable = is set to true, we orient the edges of the
corresponding variable gadgets as follows: (a, z) (bs,al), (bs,bl), (cz,bl),
(cz, ), (dy, ), (dg,dl), (ag,d). Otherwise, if  is set to false, we orient as
follows: (al,,a.), (al,bz), (b,,bz), (W, cs), (Cyyca), (chydy), (dh,dy), (dy,az).
It is easy so see that both orientations are transitive.

Now consider a clause in ¢ with literals w,v,w corresponding to vertices
ul, vl w!, of the clause gadget, respectively. We have that at least one of the
three literals satisfies the clause. If it is u, then we orient the edges in the clause
gadgets as illustrated in Figure 2| (a). It is easy so see that this orientation is
transitive. Furthermore, we orient the three edges connecting the clause gadgets

10



to variable gadgets as follows: By construction the vertices ul, v/, w! are each

cr Fcr

connected to a variable gadget. Assume, we have edges {ul,z}, {v., y}, {wl, z}.
Then we orient as follows: (z,ul), (v.,y), (w.,z), that is, we orient the edge
connecting the literal that satisfies the clause towards the clause gadget and
the other two edges towards the variable gadgets. This yields a transitive in
the clause gadget. Note that the variable gadgets have time labels 1 and 2 so
we can always orient the connecting edges (which have time label 4) towards
the variable gadget. We do this with all connecting edges except (z,u.). This
edge is oriented from the variable gadget towards the clause gadget, however it
also corresponds to a literal that satisfies the clause. Then by construction, the
edges incident to x in the variable gadget are oriented away from x, hence our
orientation is transitive.

Otherwise and if v satisfies the clause, then we orient the edges in the clause
gadgets as illustrated in Figure[2|(b). Otherwise (in this case w has to satisfy the
clause), we orient the edges in the clause gadgets as illustrated in Figure[2](c). It
is easy so see that each of these orientation is transitive. In both cases we orient
the edges connecting the clause gadgets to the variable gadgets analogously to
the first case discussed above. By analogous arguments we get that the resulting
orientation is transitive.

(«<): Note that all variable gadgets are cycles of length eight with edges having
labels alternating between 1 and 2 and hence the edges have to also be oriented
alternately. Consider the variable gadget corresponding to x. We interpret the
orientation (az,a.,), (bz,al), (bz,b.), (¢, bl), (czycl), (dz, ), (deydl), (ay,d.)
as setting x to true and we interpret the orientation (al,a;), (al,bs), (b,,b),
(V,cx), (cyyci)y (Cyydy), (dy,dy), (dy,ay) as setting x to true. We claim that
this yields a satisfying assignment for ¢.

Assume for contradiction that there is a clause ¢ in ¢ that is not satisfied by
this assignment. Then by construction of the connection of variable gadgets and
clause gadgets, the connecting edges have to be oriented towards the variable
gadget in order to keep the variable gadget transitive. Let the three connect-
ing edges be {ul, x}, {v.,y}, {w., 2z} and their orientation (u’,z), (v.,y), (Wi, 2).
Then we have that (ul, z) forces (u, u.) which in turn forces (w., u.). We have
that (vl,y) forces (v.,v.) which in turn forces (v.,u.). Furthermore, we now
have that (we, u.) and (ve, uc) force (we,v.). Lastly, we have that (w’, z) forces
(wl,, w.) which in turn forces (v, w.), a contradiction to the fact that we forced
(we, ve) previously. O

8.2. A polynomial-time algorithm for TTO

Let G = (V, E) be a static undirected graph. There are various polynomial-
time algorithms for deciding whether G admits a transitive orientation F'. How-
ever our results in this section are inspired by the transitive orientation al-
gorithm described by Golumbic [25], which is based on the crucial notion of
forcing an orientation. The notion of forcing in static graphs is illustrated in
Figure [3[ (a): if we orient the edge {u,v} as wv (i.e., from u to v) then we
are forced to orient the edge {v,w} as wv (i.e., from w to v) in any transitive
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(a) (b)

Figure 3: The orientation uv forces the orientation wu and vice-versa in the examples of (a) a
static graph G where {u,v},{v,w} € E(G) and {u,w} ¢ E(G), and of (b) a temporal graph
(G, A\) where A(u,w) =3 <5 = A(u,v) = A(v,w).

orientation F' of G. Indeed, if we otherwise orient {v,w} as vw (i.e. from v
to w), then the edge {u,w} must exist and it must be oriented as uw in any
transitive orientation F' of G, which is a contradiction as {u,w} is not an edge
of G. Similarly, if we orient the edge {u,v} as vu then we are forced to ori-
ent the edge {v,w} as vw. That is, in any transitive orientation F of G we
have that wv € F < wv € F. This forcing operation can be captured by the
binary forcing relation I' which is defined on the edges of a static graph G as
follows [25].

either v = v’ and {v,v'} ¢ £

1.7 . .
uv T w'v"  if and only if { or v =1 and {u,u'} ¢ E ) (1)

We now extend the definition of I" in a natural way to the binary relation A
on the edges of a temporal graph (G, \), see Equation . For this, observe from
Table [1] that the only cases, where we have uv € F' < wv € F in any temporal
transitive orientation of (G, A), are when (i) the vertices u,v,w induce a path
of length 2 (see Figure 3| (a)) and A(u,v) = A(v,w), as well as when (i) u, v, w
induce a triangle and A(u,w) < Au,v) = A(v,w). The latter situation is
illustrated in the example of Figure [3| (b). The binary forcing relation A is
only defined on pairs of edges {u,v} and {u',v'} where A(u,v) = A(u/,v’), as
follows.

u=u" and {v,v'} ¢ E, or
v=2v"and {u,u'} ¢ E,or
u =" and A(v,v") < t,or
v=1v"and A\(u,u') < t.

2)
Note that, for every edge {u, v} € E we have that uv A wv. The forcing relation A
for temporal graphs shares some properties with the forcing relation I' for static
graphs. In particular, the reflexive transitive closure A* of A is an equivalence
relation, which partitions the edges of each set E; = {{u,v} € E: A(u,v) =t}
into its A-implication classes (or simply, into its implication classes). Two
edges {a,b} and {c,d} are in the same A-implication class if and only ab A* cd,
i.e. there exists a sequence

wv Au'v' if and only if A(u,v) = A\(u/,v") =t and

ab = agbg A a1by A ... A apby = cd, with k > 0.
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Note that, for this to happen, we must have A(ag,bg) = Aay1,b1) = ... =
A ag, b) = t for some t > 1. Such a sequence is called a A-chain from ab to cd,
and we say that ab (eventually) A-forces cd. Furthermore note that ab A* cd
if and only if ba A* dc. The next observation helps the reader understand the
relationship between the two forcing relations I' and A.

Observation 4. Let {u,v} € E, where ANu,v) = t, and let A be the A-
implication class of wv in the temporal graph (G, ). Let G’ be the static graph
obtained by removing from G all edges {p, q}, where A(p,q) < t. Then A is also
the T-implication class of uv in the static graph G'.

For the next lemma, we use the notation A = {uv,vu : uv € A}.

Lemma 5. Let A be a A-implication class of a temporal graph (G,\). Then
either A= A1 =A or ANA~1 =0.

Proof. Suppose that AN A" #£ @, and let uv € AN A~Y, ie. uv,vu € A.
Then, for any pqg € A we have that pg A* uv and gp A* vu. Since A* is an
equivalence relation and uv,vu € A, it also follows that pg,gp € A. Therefore
also pq,qp € A™1, and thus A = A~1 = A, O

Definition 6. Let F' be a proper orientation and A be a A-implication class of
a temporal graph (G, A). If A C F, we say that F' respects A.

Lemma 7. Let F' be a proper orientation and A be a A-implication class of a
temporal graph (G,)). Then F respects either A or A=Y (i.e. either A C F or
AL C F), and in either case AN A=1 = {).

Proof. We defined the binary forcing relation A to capture the fact that, for
any temporal transitive orientation F' of (G, \), if ab A ¢d and ab € F, then
also cd € F. Applying this property repeatedly, it follows that either A C F' or
FNA=0. If AC F then A~' C F~!'. On the other hand, if FN A = ) then
A C F~!, and thus also A~! C F. In either case, the fact that FNF~! = by
the definition of a temporal transitive orientation implies that also AN A~ =
0. O

Let now ab = agbg A a1by A ... A agby = cd be a given A-chain. Note
by Equation that, for every ¢« = 1,...,k, we have that either a;_1 = a;
or bj_1 = b;. Therefore we can replace the A-implication a;_1b,_1 A a;b; by
the implications a;_1b;_1 A a;b;_1 A a;b;, since either a;b;_1 = a;_1b;_1 or
a;bi—1 = a;b;. Thus, as this addition of this middle edge is always possible in
a A-implication, we can now define the notion of a canonical A-chain, which
always exists.

Definition 8. Let ab A* c¢d. Then any A-chain of the from
ab = aobo A a1b0 A a1b1 A ... A akbk,1 A akbk =cd

is a canonical A-chain.
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The next lemma extends an important known property of the forcing relation
T for static graphs [25], Lemma 5.3] to the temporal case.

Lemma 9 (Temporal Triangle Lemma). Let (G, \) be a temporal graph with a
synchronous triangle on the vertices a, b, ¢, where A(a,b) = A(b,¢) = A(c,a) =t.
Let A, B, C be three A-implication classes of (G, ), where ab € C, bc € A, and
ca € B, where A# B~ and A # C~1.

1. If some b’ € A, then ab’ € C and c'a € B.
2. If some b/’ € A and o'V’ € C, then c'a’ € B.
3. No edge of A touches vertez a.

Proof. 1. Let b'c’ € A, and let bc = bgcg A bicog A ... A bpep—1 A bpep, =b'c
be a canonical A-chain from bc to b'¢’. Thus note that all edges b;c;_1
and b;c; of this A-chain have the same time-label ¢ in (G, ). We will
prove by induction that ab; € C' and c;a € B, for every ¢ = 0,1,...,k.
The induction basis follows directly by the statement of the lemma, as
ab = aby € C and ca = cya € B.

Assume now that ab; € C and c;a € B. If b; 11 = b; then clearly ab;;1 € C
by the induction hypothesis. Suppose now that b;41 # b;. If {a,b;41} ¢ E
then ac; A b;y1¢;. Then, since ¢;a € B and b;1¢; € A, it follows that A =
B~!, which is a contradiction to the assumption of the lemma. Therefore
{a,b;y1} € E. Furthermore, since b;c; A bj11¢;, it follows that either
{bi,bix1} & E or A(b;,b; 1) < t. In either case it follows that ab; A ab;y1,
and thus ab; 1 € C.

Similarly, if ¢;11 = ¢; then ¢;41a € B by the induction hypothesis. Sup-
pose now that ¢;y1 # ¢;. If {a,c;11} ¢ E then abjyq A ¢;jy1bip1. Then,
since ab;;1 € C and b;y1c;41 € A, it follows that A = C~!, which is a
contradiction to the assumption of the lemma. Therefore {a,c;+1} € E.
Furthermore, since b;y1¢; A biyi1¢it1, it follows that either {¢;,c;11} ¢ E
or A(¢;,civ1) < t. In either case it follows that c;a A ¢;11a, and thus
¢;ir1a € C. This completes the induction step.

2. Let b/’ € A and @'V’ € C. Then part 1 of the lemma implies that ¢’a € B.

Now let ab = agbg A a1bg A ... A apbp_1 A apby = a’b’ be a canonical
A-chain from ab to a’b’. Again, note that all edges a;b;_1 and a;b; of this
A-chain have the same time-label ¢ in (G, \). We will prove by induction
that da; € B and b;d’ € A for every i = 0,1,..., k. First recall that
ca = dag € B. Furthermore, by applying part 1 of the proof to the
triangle with vertices ag, by, c and on the edge c’ag € B, it follows that
boc’ € A. This completes the induction basis.
For the induction step, assume that ¢’a; € B and b,/ € A. If a;11 = a;
then clearly ¢'a;+; € B. Suppose now that a;+1 # a;. If {a;41,} ¢ E
then a;11b; A ¢’'b;. Then, since a;11b; € C and b;¢’ € A, it follows that A =
C~!, which is a contradiction to the assumption of the lemma. Therefore
{a;4+1,c'} € E. Now, since a;b; A a;11b;, it follows that either {a;,a;41} ¢
E or Ma;,a;41) < t. In either case it follows that ¢’a; A ¢’a;11. Therefore,
since c’a; € B, it follows that ’a;11 € B.
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If b;11 = b; then clearly b;1¢’ € A. Suppose now that b;11 # b;. Then,
since c'a;+1 € B, a;41b; € C, and b;d’ € A, we can apply part 1 of the
lemma to the triangle with vertices a;11, b;, ¢ and on the edge a;11b;+1 €
C, from which it follows that b;¢’ € A. This completes the induction step,
and thus c'ap = c’a’ € B.

3. Suppose that ad € A (resp. da € A), for some vertex d. Then, by setting
b =aand ¢/ =d (resp. b’ = d and ¢’ = a), part 1 of the lemma implies
that ab’ = aa € C (resp. c'a = aa € B). Thus is a contradiction, as the
underlying graph G does not have the edge aa. O

Deciding temporal transitivity using Boolean satisfiability. Start-
ing with any undirected edge {u,v} of the underlying graph G, we can clearly
enumerate in polynomial time the whole A-implication class A to which the ori-
ented edge uv belongs (cf. Equation ) If the reversely directed edge vu € A
then Lemma implies that A = A=1 = A. Otherwise, if vu ¢ A then vu € A7}
and Lemma 5[ implies that AN A~! = (). Thus, we can also decide in polynomial
time whether A N A~' = ). If we encounter at least one A-implication class A
such that ANA~! # (), then it follows by Lemmathat (G, A) is not temporally
transitively orientable.

In the remainder of the section we will assume that AN A~ = () for every
A-implication class A of (G, \), which is a necessary condition for (G, A) to be
temporally transitive orientable. Moreover it follows by Lemma m that, if (G, \)
admits a temporally transitively orientation F, then either A C F or A~! C F.
This allows us to define a Boolean variable x4 for every A-implication class
A, where 4 = Tp-1. Here x4 = 1 (resp. z4-1 = 1) means that A C F
(resp. A=! C F), where F is the temporally transitive orientation which we are
looking for. Let {A1, Aa,...,As} be a set of A-implication classes such that
{:4:, ;1;, e ;1\5} is a partition of the edges of the underlying graph G Then
any truth assignment 7 of the variables x1,x2,..., x5 (where z; = x4, for every
i=1,2,...,s) corresponds bijectively to one possible orientation of the temporal
graph (G, ), in which every A-implication class is oriented consistently.

Now we define two Boolean formulas ¢snag and ¢osar such that (G, \)
admits a temporal transitive orientation if and only if there is a truth assign-
ment 7 of the variables x1,xs,...,xs such that both ¢snap and ¢ogaT are
simultaneously satisfied. Intuitively, ¢snag captures the “non-cyclic” condition
from Table [I] while ¢gogaT captures the remaining conditions. Here ¢gnag is a
3NAE formula, i.e., the disjunction of clauses with three literals each, where
every clause NAE({q, o, (3) is satisfied if and only if at least one of the literals
{l1,02,43} is equal to 1 and at least one of them is equal to 0. Furthermore
Posat is a 2SAT formula, i.e., the disjunction of 2CNF clauses with two literals
each, where every clause ({1 V £3) is satisfied if and only if at least one of the
literals {¢1, {5} is equal to 1.

"Here we slightly abuse the notation by identifying the undirected edge {u, v} with the set
of both its orientations {uv,vu}.
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Algorithm 1 Building the A-implication classes and the edge-variables.

Input: A temporal graph (G, \), where G = (V, E).
Output: The variables {zyv, Zou : {u,v} € E}, or the announcement that (G, \) is tempo-
rally not transitively orientable.

1: s<0; Eo<« FE

2: while Ey # 0 do

3: s+ s+1; Let {p,q} € Eg be arbitrary

4: Build the A-implication class As of the oriented edge pg (by Equation )
5:  if gp € As then {A. NAF! # 0}
6.

7

8

return “NO”
else
zs is the variable corresponding to the directed edges of Ag
9: for every uv € Ags do
10: Tuy < Ts; Tou < Ts {Tuv and Ty, become aliases of x5 and ZTs}
11: Eo + Eo\ A,

12: return A-implication classes {A1, As,..., As} and variables {Zyv, Tvu : {u,v} € E}

For simplicity of the presentation we also define a variable x,, for every
directed edge uv. More specifically, if uv € A; (resp. wv € A;') then we
set T,y = x; (resp. Ty, = T;). That is, &y, = Toy for every undirected edge
{u,v} € E. Note that, although {2y, vy : {u,v} € E} are defined as variables,
they can equivalently be seen as literals in a Boolean formula over the variables
Z1,%2,...,%s. The process of building all A-implication classes and all variables
{Tuv, Tou : {u,v} € E} is given by Algorithm

Description of the 3ANAE formula ¢snag. The formula ¢gsnag cap-
tures the “non-cyclic” condition of the problem variant TTO (presented in Ta-~
ble[l). The formal description of ¢snag is as follows. Consider a synchronous
triangle of (G, \) on the vertices u, v, w. Assume that ., = Ty, 1.€., Ty, is the
same variable as x,,. Then the pair {uv, wv} of oriented edges belongs to the
same A-implication class A;. This implies that the triangle on the vertices u, v, w
is never cyclically oriented in any proper orientation F' that respects A; or A; 1
Note that, by symmetry, the same happens if Xy, = Ty OF if Ty = Tyy. As-
sume, on the contrary, that Ty, # Twy, Tow F Tuw, AN Ty F Tyy. In this case
we add to ¢gsnag the clause NAE(Zyy, Tyw, Twu)- Note that the triangle on u, v, w
is transitively oriented if and only if NAE(Zyq, Zow, Tww) 1S satisfied, i.e., at least
one of the variables {Zyy, Zyw, Twy } receives the value 1 and at least one of them
receives the value 0.

Description of the 2SAT formula ¢35aT. The formula ¢ogar captures
all conditions apart from the “non-cyclic” condition of the problem variant TTO
(presented in Table . The formal description of ¢ogat is as follows. Consider
a triangle of (G, \) on the vertices u,v,w, where A(u,v) = t1, Mv,w) = ta,
Mw,v) = ts, and t1 <ty <t3. If t1 <ty = t3 then we add to ¢ogar the clauses
(T V Zapw ) A (T V Ty ); NOte that these clauses are equivalent t0 Xy = oy -
If t1 < t3 < t3 then we add to ¢asar the clauses (Tyy V Tuw) A (Tuy V Towy);
note that these clauses are equivalent to (Tyw = Tyw) A (Tyu = Twy). Now
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consider a path of length 2 that is induced by the vertices u, v, w, where A\(u,v) =
t1, Mv,w) = ta, and t; < to. If t; = to then we add to ¢agar the clauses
(Zou V Tww) A (Tyw V Tye ); note that these clauses are equivalent to (Zyy = Ty )-
Finally, if ¢; < t5 then we add to ¢ogaT the clause (zyy V Ty ); note that this
clause is equivalent to (Zyy, = Tyww)-

In what follows, we say that ¢snag A ¢osaT is satisfiable if and only if
there exists a truth assignment 7 which simultaneously satisfies both ¢snag
and ¢ogaT. Given the above definitions of ¢snag and ¢agar, it is easy to check
that their clauses model all conditions of the oriented edges imposed by the row
of “TTO” in Table[dl

Observation 10. The temporal graph (G, \) is transitively orientable if and
only if dsnap N desat is satisfiable.

Although deciding whether ¢ogaT is satisfiable can be done in linear time
with respect to the size of the formula [7], the problem Not-All-Equal-3-SAT
is NP-complete [44]. We overcome this problem and present a polynomial-time
algorithm for deciding whether ¢snag A ¢osar is satisfiable as follows.

Roadmap of the entire process. Our algorithm iteratively produces
at iteration j a formula ¢:(331\¥ AR N ngJS)AT, which is computed from the previous

formula gbéjN_A% A gbng;lT) by (almost) simulating the classical greedy algorithm
that solves 2SAT [7]. The classical 2SAT-algorithm proceeds greedily as follows.
For every variable x;, if setting #; = 1 (resp. x; = 0) leads to an immediate
contradiction, the algorithm is forced to set x; = 0 (resp. x; = 1). Otherwise, if
each of the truth assignments z; = 1 and z; = 0 does not lead to an immediate
contradiction, the algorithm arbitrarily chooses to set z; = 1 or ; = 0, and
thus some clauses are removed from the formula as they were satisfied. The
argument for the correctness of this classical 2SAT-algorithm is that new clauses
are never added to the formula at any step. The main technical difference
between the 2SAT-algorithm and our algorithm is that, in our case, the formula

g{\% A ngJS)AT is not necessarily a sub-formula of qSéJN_Allzj A qﬁéjsg}r% as in some
cases we need to also add clauses.

Our main technical result is that, nevertheless, if the algorithm does not
return “NO” while applying variable forcings at the initialization phase (during
which qﬁg?\? AR /\¢(2%)AT is computed), then the input instance is a yes-instance. In
this case, the algorithm proceeds by computing the formulas qbg]l\? AN gzbéjs)AT, for
7 =1,2,..., which eventually determine a valid temporally transitive orientation
of the input temporal graph. The proof of this result (see Lemma and The-
orem relies on a sequence of structural properties of temporal transitive
orientations which we establish. This phenomenon of deducing a polynomial-
time algorithm for an algorithmic graph problem by deciding satisfiability of a
mixed Boolean formula (i.e. with both clauses of two and three literals) occurs
rarely; this approach has been successfully used for the efficient recognition of
simple-triangle (known also as “PI”) graphs [35].
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Brief outline of the algorithm. In the initialization phase, we exhaus-
tively check which truth values are forced in ¢snaE A dasar by using [[NITIAL]
FORCING]| (see Algorithm [2)) as a subroutine. During the execution of [[NITIAL-
FORCING], we either replace the formulas ¢gsnag and ¢osat by the equivalent

formulas (;5:(3(1)\? Ap and ¢;%)AT, respectively, or we reach a contradiction by showing
that ¢snag A ¢osaT is unsatisfiable.

The main phase of the algorithm starts once the formulas ¢3N Ap and gbgOS)AT
have been computed. During this phase, we iteratively modlfy the formulas such
that, at the end of iteration j we have the formulas ¢3N ap and ¢2s AT+ Note
that, during the execution of the algorithm, we can both add and remove clauses
from ¢§QAT On the other hand, we can only remove clauses from ¢3N A Thus,

at some iteration j, we obtain ¢3N g = 0, and after that iteration we only need
to decide satisfiability of (]525 'wr Which can be done efficiently [7].

Two crucial technical lemmas. For the remainder of the section we
write Zqp $¢QSAT Ty (T€SP. Tap :*>¢(2jS)AT Tay) if the truth assignment xq, = 1
forces (in 0 or more iterations) the truth assignment z,, = 1 from the clauses
of ¢ogar (resp. of ¢2s A at the iteration j of the algorithm); in this case we say
that xqp implies xq, in gogar (resp. in (béjS)AT). We next introduce the notion
of uncorrelated triangles, which lets us formulate some important properties of

the implications in ¢ogaT and ¢(2%)AT.

Definition 11. Let u,v,w induce a synchronous triangle in (G, ), where
each of the variables of the set {Zwy,Zvu, Tow, Twvs Twu, Tuw} belongs to
a different A-implication class. If none of the variables of the set
{Zwvs Tows Tows Twv, Twus Tuw } iMplies any other variable of the same set in the
formula ¢ogaT (resp. in the formula qﬁg%)ATL then the triangle of u, v, w is gogar-

uncorrelated (resp. (b,(g?s‘) ap-uncorrelated).

Now we present our two crucial technical lemmas (Lemmas and which
prove some structural properties of the 2SAT formulas ¢ogaT and gbg%)AT. These
structural properties will allow us to prove the correctness of our main algorithm
in this section (Algorithm . In a nutshell, these two lemmas guarantee that,
whenever we have specific implications in ¢ogaT (resp. in qﬁé%)AT), then we also
have some specific other implications in the same formula.

Lemma 12. Let u,v,w induce a synchronous and ¢ggar-uncorrelated triangle
in (G, ), and let {a,b} € E be an edge of G such that |{a,b} N{u,v,w}| < 1. If
Tab :*>¢25A'1’ Tyw, then xqp also implies in pogar at least one of the four variables
in the set {Tyw, Tww, Tuws Twu |-

Proof. Let t be the common time-label of all the edges in the synchronous tri-
angle of the vertices u,v,w. That is, A(u,v) = A(v,w) = A(w,u) = t. Denote
by A, B, and C the A-implication classes in which the directed edges uv, vw,
and wu belong, respectively. Let oy = Tagby = gosar Tarbs = dosar - - - = dosar
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Tap 1bs 1 =dosar Larby = Tuv D & @Pogar-implication chain from z4, to y,.
Note that, without loss of generality, for each variable x,,s, in this chain, the
directed edge a;b; is a representative of a different A-implication class than all
other directed edges in the chain (otherwise we can just shorten the ¢ogar-
implication chain from z4p to ,,). Furthermore, since xq,p, = Ty, note that
arbr and uv are both representatives of the same A-implication class A. There-
fore Lemma@ (the temporal triangle lemma) implies that way € C and byw € B.
Therefore we can assume without loss of generality that u = a; and v = by.
Moreover, let A’ ¢ {A, A=, B, B~1,C,C~'} be the A-implication class in which
the directed edge arp_1br—1 belongs. Since Ta, 15,1 = dogar Tayby, NOte that
without loss of generality we can choose the directed edge ax_1bx_1 to be such
a representative of the A-implication class A’ such that either ay_1; = a or
br—1 = bi. We now distinguish these two cases.

Case 1: u = a; = ap—1 and v = by # by_;. Then, since z4,_,p,_, =
Tapbr 1 =dosar LTapby = Tuv and A(ag,bg) = t, it follows that A(u,br_1) >
t + 1. Suppose that {w,by_1} ¢ E. Then zup, , = ¢ssar Tuw, Which
proves the lemma. Now suppose that {w,bp_1} € E. If AMw,bg_1) <
Au,bi—1) — 1 then Zup, , = ¢osar Tuw, Which proves the lemma. Suppose
that Mw,bg—1) > AMu,bg—1) + 1. Then Tup, , = posar Twb_1 = dosar Lwus
ie. Tub, 4 :*>¢23AT Zwy, Which again proves the lemma. Suppose finally that
Aw, bg—1) = Mu,bi—1). Then, since A(u,w) =t < Mw,bg—1) = A(u,bx_1), it
follows that wby—1 A ubg_1. If {v,b—1} ¢ E then Tup, | = Twbr_; = dasar Twos
which proves the lemma. Now let {v,b,_1} € E. If A(v,bg—1) < Mw,bg—1) — 1
then Tup, , = Twby_1 = ¢osar Lwo, Which proves the lemma. If A(v,by_1) >
Aw,bg—1) + 1 then Zup, |, = Tuwbe 1 =éosar Tobr1 dasar Lwv, Which
proves the lemma. If A(v,bg_1) = A w,br—1) then uby_1; A vby_1, and thus
Tub,_1 = Tag_1bs_1 P dasar Tarbs = Tuv, Which is a contradiction.

Case 2: u = ap # ap—1 and v = by = by_;. Then, since z,, ,p,_, =
Tap 1be = dosar Lapby = Tup and A(ax,by) = t, it follows that A(v,ax—1) <
t — 1. Suppose that {w,ax_1} ¢ E. Then 4, v = ¢osar Two, Which proves
the lemma. Now suppose that {w,ar_1} € E. If AMw,ar—1) < t —1 then
Tay_ v = ¢asar Twv, Which proves the lemma. Suppose that A(w,ar—1) = t.
Then, since A(v,ax—1) < t — 1, it follows that vw A a;—yw. If {u,ap_1} ¢ E
then also a;_1w A uww, and thus ., = T, which is a contradiction to the
assumption that the triangle of w,v,w is uncorrelated. Thus {u,ar_1} € E.
If Mu,ag—1) <t —1 then again ap_ijw A ww, which is a contradiction. On
the other hand, if A(u,ar—1) >t then Zq, v = Ta,_1bx_1 P dosar Tapbs = Luvs
which is a contradiction.

Finally suppose that A(w,agp—1) > ¢t + 1. Then, since A(v,w) = ¢ and
A, ag—1) <t —1, it follows that Tyw = ¢ssar Tar_ 1w = dasar Tax_,v- HOWever,
since Ta, v = Tay_1bx = dosar Tarby = Tuv, it follows that x., S hosar Tuws
which is a contradiction to the assumption that the triangle of u, v, w is uncor-
related. U
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Lemma 13. Let u,v,w induce a synchronous and (bggAT-uncorrelated triangle
in (G, ), and let {a,b} € E be an edge of G such that |{a,b} N{u,v,w}| < 1. If

Tap = Ty, then xqp also implies in ¢§20,52AT at least one of the four variables

o)
3 2SAT
in the set {Tyw, Twr, Tuws Twu |-

Proof. Assume we have |{a,b} N {u,v,w}| < 1 and x4 =
we make a case distinction on the last implication in the implication chain

Tyw- Then

*
Tab :>¢(0) Ty
2SAT

1. The last implication is an implication from ¢ogaT, i.€., Tap = o
2SAT

Tpq= dasar Luv- I {P, ¢} C {u,v,w} then we are done, since we can assume
that {p, q} # {u, v} because no such implications are contained in ¢ogaT.
Otherwise Lemma implies that x,, also implies at least one of the four
variables in the set {Zyw, Twe, Tuw, Twu } N GosaT. If follows that x4, also

implies at least one of the four variables in the set {@yw, Twy, Tuw, Twy | I0

(0)
2SAT"

2. The last implication is not an implication from ¢ogaT, i.€., Tap :*>¢(0)
2SAT
Tpg= diar Tuv, there the implication zpq=>¢rTuy Was added to ¢é%)AT
by [INITIAL-FORCING]  If #,g=¢;xr Tuw Was added in Line [7] or Line

of [INITIAL-FORCING| then we have that {p,q} C {u,v,w} and {p,q} #

{u, v}, hence the u,v,w is not a ng%)AT—uncorrelated triangle, a contradic-
tion. If pg=>¢inir Tuo Was added in Line[T4] of [INITIAL-FORCING], then we
have that x,q=>¢ir Luw, hence we are done. O

Detailed description of the algorithm. We are now ready to present
our polynomial-time algorithm (Algorithm [4]) for deciding whether a given tem-
poral graph (G, \) is temporally transitively orientable. The main idea of our
algorithm is as follows. First, the algorithm computes all A-implication classes
Ay, ..., A by calling Algorithm [I] as a subroutine. If there exists at least one
A-implication class A; where uv,vu € A; for some edge {u,v} € E, then we
announce that (G, \) is a no-instance, due to Lemma[7] Otherwise we associate
to each A-implication class A; a variable z;, and we build the 3NAE formula
d3nar and the 2SAT formula ¢ogaT, as described in Section (3.2

In the initialization phase of Algorithm [4 we call algorithm
[FORCING] (see Algorithm [2) as a subroutine. Starting from the formulas ¢snar
and ¢ogaT, in |INITIAL—FORCING| we build the formulas ¢§,(1)\¥ Ap and (bg%)AT by
both (i) checking which truth values are being forced in ¢psnag A dasar (lines
10), and (ii) adding to ¢asar some clauses that are implicitly implied in
@3NAE A dasar (lines . More specifically, [INITIAL-FORCING| proceeds as
follows: (i) whenever setting z; = 1 (resp. z; = 0) forces ¢snar A ¢asaT to
become unsatisfiable, we choose to set x; = 0 (resp. z; = 1); (ii) if z = a

S5ar
and z = 0 b, and if we also have that NAE(a,b,c) € qﬁg?\;AE, then we add
2SAT

T :>¢(0) c to qﬁé%)AT, since clearly, if x = 1 then a = b = 1 and we have
2SAT
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to set ¢ = 0 to satisfy the NAE clause NAE(a, b, c). The next observation fol-
lows easily by Observation and by the construction of ¢§f\¥ Ap and (bé%)AT in

Observation 14. The temporal graph (G, ) is transitively orientable if and
only if qﬁé%\),AE A QS(QOS)AT is satisfiable.

The main phase of the algorithm starts once the formulas ¢§?\% Ag and ¢§%)AT
have been computed. As we prove in Lemma if the algorithm does not
conclude at the initialization phase that the input instance is a no-instance, the
the instance is a yes-instance. During any iteration j > 1 of the algorithm, we
pick an arbitrary variable x; and we assign it the truth value 1 (note that this is
an arbitrary choice; we could equally choose to assign to z; the value 0). Once
we have set x; = 1, we call algorithm |[BOOLEAN-FORCING]| (see Algorithm
as a subroutine to check which implications this value of x; has on the current
formulas {1 and ¢S+ and which other truth values of variables are forced.
The correctness of |[BOOLEAN-FORCING| can be easily verified by checking all
subcases of [BOOLEAN-FORCING, During such a call of [BOOLEAN-FORCING]

(i.e. during an iteration j > 1 in the main phase of the algorithm), we replace

the current formulas by (bé]l\? Ap and qﬁéjS)AT, respectively. Summarizing, in its
initialization phase, the algorithm decides whether the input temporal graph
can be transitively oriented (i.e. solves the decision version of the problem),
while in its main phase it computes a temporally transitive orientation.

Correctness of the algorithm. We now formally prove that Algorithm [4]
is correct. More specifically, we show that if Algorithm [4] gets a yes-instance
as input then it outputs a temporally transitive orientation, while if it gets
a no-instance as input then it outputs “NO”. The main result of this section
is Theorem [20} in which we prove that TEMPORAL TRANSITIVE ORIENTATION
(TTO) is correct and runs in polynomial time.

The next crucial observation follows immediately by the construction of
¢3NaAE In Section and by the fact that, at every iteration j, Algorithm [
can only remove clauses from d)g]N_;%

Observation 15. When [BOOLEAN-FORCING| (Algorithm [3) removes a clause

from ¢g\;‘%, then this clause is satisfied by all satisfying assignments of QS(QQAT,

Next, we prove a crucial and involved technical lemma about the Boolean
forcing steps of Algorithm |4l This lemma will allow us to deduce that, during
the main phase of Algorithm [} whenever a new clause is added to the 2SAT
part of the formula, this happens only in lines [I7] and [I9) of[BOOLEAN-FORCINC]
(Algorithm . That is, whenever a new clause is added to the 2SAT part of the
formula in line 11| of Algorithm [3] this can only happen during the initialization
phase of Algorithm [

Lemma 16. Consider an execution offBOOLEAN-FORCING| (Algorithm|3)) which
is called in an iteration j > 1 (i.e. in the main phase) of Algorithm |4l Then
Lines [T1] and [19 of[BOOLEAN-FORCING] are not ezecuted.
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Algorithm 2 [INITIAL-FORCING]

Input: A 2-SAT formula ¢osaT and a 3-NAE formula ¢3nag

Output: A 2-SAT formula qﬁéOS)AT and a 3-NAE formula ¢§(I)\;AE such that ‘z’é%)AT A ¢§(I)\?AE is
satisfiable if and only if ¢ogaT A P3NAE is satisfiable, or the announcement that ¢ogatT A
P3NAE 18 not satisfiable.

0 0 o ags 1s .
1: ¢:(*)I\¥AE < O3NAE; (béS)AT + ¢asaT {initialization}

2: for every variable x; appearing in ¢£(’,(1)\?AE A ¢g%)AT do

5: return “NO” {both z; = 1 and z; = 0 invalidate the formulas}
6: else
0 0 0 0
7 (qbgl\?AE, ¢;S>AT) <—| BOOLEAN—FORCING| (‘t)él\%AE’ ¢gS)AT7 Tq, 0)
8: else
0 0 0 0
10: <¢£(31\?AE7 ¢;S)AT> <—| BOOLEAN—FORCING| (¢§I\?AE, ¢ES)AT, Tq, 1)

11: for every clause NAE(Zyy, Tow, Twwu) Of qﬁé?\;AE do

12: for every variable z,;, do
13: if Zop = (0) Tuw and Tap = (0)  Tow then {add (z4p = Tuw) to d);%)AT
PosAT PasAT
0 0
14: ‘bés)AT “— ‘i’és)AT A (Tpg V Tuw)

15: Repeat Lines|2[and until no changes occur on (béOS)AT and ¢>§?\?AE

16: return <¢g(1)\;AE7¢é%)AT>

Proof. Assume for contradiction that Lines [T1] and [12] of Algorithm [3] are exe-
cuted in iteration j of Algorithm 4l Let j > 1 be the first iteration where this
happens. This means that there is a clause NAE(Zyq, Ty, Towwu) Of @4 and an
implication x, :*>¢¢2 Ty during the execution of Algorithm

We first partition the implication chain x,,, :*>¢,/2 Ty into “old” and “new”

implications, where “old” implications are contained in qﬁg%)AT and all other im-
plications (that were added in the previous iterations 1,2, ..., — 1) are consid-
ered “new”. For simplicity of notation, we will refer to these “new” implications
using the symbol “=pgr”. Recall here that, whenever z,, =pr x.q, we have that
Aa,b) = A(c,d) by BOOLEAN-FORCING| If there are several NAE clauses and
implication chains that fulfill the condition in Line[I0]of Algorithm 3] we assume
that z,, $¢/2 Ty 1S one that contains a minimum number of “new” implica-

. . * . ..
tions. Observe that, since we assume 'y, =g, Ty 1S a condition for the first
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Algorithm 3 |[BOOLEAN-FORCING|

Input: A 2-SAT formula ¢2, a 3-NAE formula ¢3, and a variable x; of ¢2 A ¢3, and a truth
value VALUE € {0,1}

Output: A 2-SAT formula ¢/ and a 3-NAE formula ¢}, obtained from ¢2 and ¢3 by setting
z; = VALUE, or the announcement that x; = VALUE does not satisfy ¢2 A ¢3.

1: Let a and b be such that xg, = x;; x4p + VALUE
Dph 2y Bh < @3

: while ¢}, has a clause (Tuy V Zpg) and xyy =1 do
Remove the clause (Tuv V pq) from ¢

if pq = 0 then return “NO”

Remove the clause (Zuy V pq) from ¢

®pq < 1; Repeat lines [3| and |5| until no changes occur in ¢/. {Implement all changes
to ¢4 that are implied by setting zpq = 1}

2
3
4
5: while ¢} has a clause (Tuy V Zpq) and Tyy = 0 do
6:
7
8

9: for every clause NAE(Zyv, Tvw, Twu) Of ¢’3 do {synchronous triangle on vertices u, v, w}
10: if Ty :*>¢/2 Zvw then {add (Tuy = Tuw) A (Tuw = Tow) to ¢h}
11: ¢h = Oh N (Tou V Tuw) A (Twu V Tyw)
12: Remove the clause NAE(Zyv, Tow, Twu) from ¢)’3

13: if x,, already got the value 1 or O then

14: Remove the clause NAE(Zyv, Tvw, Twy) from ¢f

15: if Zyw and x4, do not have yet a truth value then

16: if £yy =1 then {add (zvw = Tuw) to ¢h}

17: ¢ — ¢ A (Two V Tuw)

18: else {zyy, = 0; in this case add (Tuw = Tvw) to ¢hH}

19: Oh = Y N (Twu V Tow)

20: if Tyw = Tyew and xqq, does not have yet a truth value then

21: Twu < 1 —xyuv; Repeat linesanduntil no changes occur in (1)’2 {Implement

all changes to ¢, that are implied by setting Twu = 1 — Ty }
22: if Tyw = Twu = Twow then return “NO”
23: Repeat lines and El until no changes occur in ¢4 and d)g.
24: return (¢}, ¢%)

execution of Lines [[1] and [T2] of Algorithm [3] it follows that all “new” implica-
tions in X, :*>¢/ Ty Were added in Line or Line of BOOLEAN—FORCING|
(i.e. Algorithm [3)) in previous iterations.

Assume that ., :*>¢/2 ZTyw contains only “old” implications. Then, this
execution of Lines [[1] and [T2] of Algorithm [B] happens during the initialization
phase of Algorithm 4] This is a contradiction to the assumption that this
execution of Lines [T1] and [I2] of Algorithm [3] happens at iteration j > 1 of
Algorithm Therefore x,, :*>¢/2 Ty contains at least one “new” implication.

. . . * . . . .
We now distinguish the cases where x,, =4, Tyw contains “old” implications
or not.
* . . . .
Case I: 7, =4, Ty, contains at least one “old” implication. We assume
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Algorithm 4 Temporal transitive orientation.

Input: A temporal graph (G, \), where G = (V, E).
Output: A temporal transitive orientation F' of (G, \), or the announcement that (G, \) is
temporally not transitively orientable.

1: Execute Algorithmto build the A-implication classes {A1, Az, ..., As} and the Boolean
variables {Zyy, Tou : {u,v} € E}
2: if Algorithm [I]returns “NO” then return “NO”

3: Build the 3NAE formula ¢3nag and the 2SAT formula ¢ogaT
4: if (¢>3NAE7 Poasat) # “NO” then {Initialization phase}

0
(¢§,1\?AE7 %SAT) (¢3NAE7 $2sAT)

else {¢psnAE A pasaT leads to a contradiction}
return “NO”

@

j < 1; F < 0 {Main phase}
while a variable x; appearing in ¢3NAE A ¢QSAT did not yet receive a truth value do
{arbitrary choice of x;}

j j 1) 1)
10: (qbg]l\?AE, qbé]S)AT) <—| BOOLEAN—FORCING| (¢Z<SJNAE7 ¢gjsAT , T, 1)
11: j«j+1

12: for i =1 to s do
13: if z; did not yet receive a truth value then z; + 1
14: if z; =1 then F <+ FUA,; else F < FUA,;

15: return the temporally transitive orientation F' of (G, )

without loss of generality that x,, :*>¢/2 Ty contains an “old” implication that
is directly followed by a “new” implication (if this is not the case, then we can
consider the contraposition of the implication chain).

Note that, since the “new” implication was added in Line[I7]or Line[I9]of Al-
gorithm [3] we can assume without loss of generality that the “new” implication
is Tap=pBrxe and that z., = 1 for some synchronous triangle on the vertices
a,b, c (this is the Line [17] case, Line [19] works analogously). That is, we have

NAE(Z4p, Thes Tea) € ¢3NAE Let zpg=,0) Zap be the “old” implication. Then

¢2$AT

. . . *
we have that z,,= Lab="BFZep IS contained in x,, = 4!, Tow- Furthermore,

ar
by definition of ¢é%)AT, we have that [{p, ¢} N {a,b,c}| <1, hence we can apply
Lemma [13| and obtain one of the following four scenarios:

*
1. Tpq :>¢(o) Tep:

In this case we can replace x,,= Tab=BFTcp With zpq= Tep In

(0) (0)
basaT basaT

the implication chain x,,, Ty tO Obtain an implication chain from

%
=>¢<j>
. . ssaT S .
Tyy tO Ty with strictly fewer “new” implications, a contradiction.
*
2. Tpg = ,(0) Tpe:
pe 2SAT ¢

Now we have that z,,= ZTap and Tpq Zpe. Then by definition

¢>(°)
ZTqe. Recall that we have set x., = 1,

50 r

of éf’g%)AT we also have that Tpg=> 40)
2SAT
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that is, 4. = 0. Therefore, by Lines [§| and 1] of BOOLEAN-FORCING], we
have already set x,, = 0, and therefore the implication z,,= Zqp does

O
. . . . . . 28AT
not exist in ¢, anymore, which is a contradiction.
*
3. Tpg = (0) Tea:
pa ¢2SAT ca

Now we have that 2,,= ) @b and Zp; = ) Teq. Then by definition
®r3AT PosAT
of ¢g%)AT we also have that z,,=

Case 1.
*
4. xpg = 0 Tge: Same as Case 2.
d)ZSAT

(0 Zep. From here it is the same as
¢2SAT

. . . *
Hence, we have a contradiction in every case and can conclude that ., =4l Tow
does not contain any “old” implications.

Case II: x, :*>¢/2 Ty contains only “new” implications. To analyze
this case, we first introduce the notion of alternating and mnon-alternating se-
quences of “new” implications, as follows. Whenever the sequence ., —pr
Ty contains at least one pair of consecutive direct implications of the form
Tab=BFTac=BFTad (see Figure a)), or of the form Zp,=BFTca=BFTda
(see Figure b)), we call z,, :*>BF Ty & non-alternating sequence of implica-
tions; otherwise we call it alternating (see Figure (c)) That is, if Zyy =BF Tow
is alternating, then it either has the form

*
Tyy = Tyyvy = BF Lusv; = BF Lugvs = BF Luzve = BF Tyjv; = Lows (3)
or it has the form

*
Tuv = Tujvy :BqulvgéBquzvszqugU3 =BF mu,ivj = Tow, (4)

where either j =i or j = i+ 1. Figure[dillustrates some examples of alternating
and non-alternating sequences of implications.

We now distinguish the cases where x,, 2 BF Tyw IS an alternating or a
non-alternating sequence of implications. Note that, as all these are “new”
implications, all edges which are involved in ., = BF Tvw have the same label
t. That is, for every variable x,; that appears in the sequence x,,, 2 BF Ty Of
implications, we have that A(a,b) = t.

Case II-A: z,, =BF T is a non-alternating sequence of implications.
Without loss of generality, let this sequence ., 2 BF Tyw contain the pair of
consecutive direct implications ©,,=BrZTe.=BFZad (the case where it contains
the implications p,=BrZea="BFrTdas can be treated in exactly the same way).

Let a, b, ¢ be the vertices of the synchronous triangle that caused the implica-
tion Zep=rBFTac, and let a’, ¢/, d be the vertices of the synchronous triangle that
caused the implication x,.=pBrT.q, Where T, = Toe and r,q = Tqq. Then,
Lemma [9] (the temporal triangle lemma) implies that the edges {a,d} and {c, d}
exist in the graph and that ad (resp. cd) belongs to the same A-implication class
with a’d (resp. ¢’d). Therefore we can assume without loss of generality that
a=a and c=c.
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(a)

Figure 4: Illustration of alternating and non-alternating sequences of implications that can
occur at the two synchronous triangles on the vertices {a,b,c} and {a,c,d}. The red di-
rected edges illustrate variables that have already been set to 1 by the algorithm
Figure (a): non-alternating implications ©,p="BFTac="BFZad, Which occur when-
ever Tpe = Teq = 1 (red edges). Figure (b): non-alternating implications 2y, =" BFZca="BFZda,
which occur whenever z., = 74 = 1 (red edges). Figure (c): alternating implications
Tab="BFLac="BFZdc, Which occur whenever xp. = x4, = 1 (red edges). In all three fig-
ures, the green dash-dotted line indicates that edge {a,d} may exist (with some time label)
or may not exist.

Then, since x,p="BFTec and To-=BFTqq are direct “new” implications, it
follows that xp. = xe.q = 1 (as these implications have only been added by
Lines [17] or [19| of [BOOLEAN-FORCING]).

Let {b,d} ¢ E or A(b,d) < t. Then d)é%)AT by definition contains
l“ab:>¢<0>

. . 2SAT . . .
plications z,,="BFZTe-=BFTaq by the “old” implication x,,=

ZTqq- Thus, we can replace within x,, =BF Ty the two “new” im-

(0 Xqd, thus re-
. . . . ¢2$AT « 9
sulting to a a sequence of implications from x,, to z,, that has fewer “new
implications, a contradiction to our assumption.

Let A(b,d) > t. Then (béOS)AT by definition contains Led= 40 Thd and
2SAT
ZTpe. Thus, since x.q = 1, it follows |BOOLEAN—FORCING| sets xqp = 0,

Tod=
which is a contradiction to the assumption that the implication z,,=prTac
belongs to ¢b.

Let now A(b,d) = t. Then NAE(Zpe, Ted, Tap) € (bi(’)(l)\?AE' If zp. is set to 1
before x4 is set to 1 (i.e. at an earlier iteration of BOOLEAN-FORCING)), then
[BOOLEAN-FORCING| adds (in Line [L7)) to ¢, the direct implication z.q=BrZpq-
In this case, when x4 is set to 1 at a subsequent iteration of[ BOOLEAN-FORCING]
Tpq is also set to 1. Similarly, if x.4 is set to 1 before xp. is set to 1, then
[BOOLEAN-FORCING| adds to ¢4 the direct implication 24,=prze, which is
equivalent to xp.=Brxpg. In this case, when x4 is set to 1 at a subsequent
iteration of BOOLEAN-FORCING| zp4 is also set to 1. Finally, if both x. and
Zcq are set to 1 at the same iteration, BOOLEAN-FORCING] also sets xpq to 1 in
Line[2I] Summarizing, in any case[BOOLEAN-FORCING| always sets 24 = 1, and
thus it also adds to ¢4 the implication z,,=>pr.q. Thus, we can replace within
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* o . . . . . .
Tyy =BF Ty the two implications z,,=BrZe.=BFZq by the single implication
Tab=BFTad, thus resulting to a sequence of implications from x, to x,, that
has fewer “new” implications, a contradiction to our assumption.

Case II-B: 7, =BF Ty IS an alternating sequence of implications. Let
this sequence be of the form of where j = ¢ (the cases where j =i+ 1 or
where the sequence is of the form of can be treated analogously), that is,

E3
Tyy = Tyqv; 7 BFLusv; :>Bqu2v2:>Bqu3v2 =BF Tu,v; = Low, (5)

Similarly to Case II-A, by iteratively applying Lemma |§| (the temporal tri-
angle lemma), we may assume without loss of generality that all implications
of are added to ¢4 by the synchronous triangles on the vertices {uy, vy, us},

{v1,u2,v2}, {us,vo,us}, ..., {vi—1,u;,v;}. Furthermore, as all the implica-
tions of have been added to ¢, by [BOOLEAN-FORCING] it follows that
Tugui 1 = Tuj_quig = -+ = Tuguy = 1 aNd Ty 4y = Tygug = -+ = Ty;_qv; = 1.

Now, since Ty;n; = Tyw (i.€. u;0; belongs to the same A-implication class
with vw), it follows by Lemma |§| (the temporal triangle lemma) that the edge
{u1,u;} exists in the graph and that uju; belongs to the same A-implication
class with u;v = uv (and thus, in particular, A(uy, u;) = A(ug,v) = t).

Recall that A(up,u2) =t and 24,,, = 1. We now prove by induction that,
for every j =3,...,i, we have A(ui,u;) >t and @y, = 1.

For the induction basis, let j = 3. If {ui,us} ¢ E or A(ui,us) < t, then
¢§%)AT by definition contains x,,= 5O Tuyus- This is a contradiction, as

2SAT
Tuguy = Tugu, = 1. Therefore {uy,us} € E and A(uy,us) > t. If AMug,uz) =t
then [BOOLEAN- FORCING| sets Zyyy, = 1 (see Line[21)of[BOOLEAN-FORCING)). If
AMuiug) >t then ¢2SAT contains ZL'u2U1:>¢(2O) ZTugu, - Lherefore, since y,y, =1,
it follows in this case as well that |BOOLEAN FORCING]| sets x4y, = 1. This
completes the induction basis.

For the induction step, let 4 < j < 7, and assume by the induction hypoth-
esis that ¢’ = X(u1,uj_1) >t and zy,_,4, = 1. Recall that X(u;_1,u;) =t and
Tyju; = 1o If {ur,u;} ¢ E or Aug,u;) < t', then ¢;%)AT by definition con-
tains Tuju; 4 ¢<0)A Tuyuy - This is a contradiction, as Tuju;_ 1 = Tuj_qug = 1.

Therefore {u1,u;} € E and Mg, u;) > ¢/, If AMui,u;) =t =t then| BOOLEAN-

sets x4, = 1 (see Line 21| of [BOOLEAN-FORCING|). If A(ui,u;) =
t' >t or if A(ui,u;) > t' >t then ¢2%)AT contains xuj71u1:>¢;0>AT$uju1- There-
fore, since xy; ,u, = 1, it follows in this case as well that [BOOLEAN-FORCING|
sets Xy 4, = 1. This completes the induction step.

Therefore, in particular, for j = ¢ we have that x,,,, = 1. Thus, since u;u;
belongs to the same A-implication class with u;v = wv, it follows that x,, = 1,
which is a contradiction to the assumption that z,, —pr Zvw is contained in
@4. This completes the proof. O

In the next lemma we prove that, if Algorithm [4 does not return “NO” after
the initialization phase (in Line , then the 2SAT formula ¢é%)AT is satisfiable.
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Furthermore, as we prove in Lemma in this case also the 2SAT formulas
qzﬁgJS)AT are satisfiable for every j > 1.

Lemma 17. Assume that Algorithm[]] does not return “NO” in the initialization
phase (i.e. in Line Ij) Then there exists no variable ., in ¢(2(2AT such that

T :*>¢<0) ZTyu, and thus ¢(2(2AT is satisfiable.
25AT

Proof. Since Algorithm [] does not return “NO” in Line[7} it follows that Line [f]
of [INITIAL-FORCING| (Algorithm [2)) is not executed, when [INITIAL-FORCING| is
called bﬁAlgorithm@ Furthermore, before [[NITIAL-FORCING]|finishes, it checks

in Line|15| whether any of the formulas qbg?\? AR OF qbé%)AT have been changed since

the last iteration of Lines 2] and

Let z,, be an arbitrary variable in ¢é%)AT, i.e. in the 2SAT part of the for-
mula after [INITIAL-FORCING| has finished. Since z,, did not get a Boolean
value during the execution of [NITIAL-FORCING], it follows that, when
stops, setting x,, to 1 (resp. to 0) does not cause a contradiction. In-
deed, otherwise [INITIAL-FORCING| would set x,,, equal to 0 (resp. 1). Therefore,

once |INITIAL—FORCING| finishes, there cannot exist any variable x,, in qﬁé%)AT
such that z,, = 5 Ty (as otherwise [INITIAL-FORCING| would set z,,, = 0).
2SAT

This completes the lemma. O

Lemma 18. Assume that Algorithm[]] does not return “NO” in the initialization
phase (i.e. in Line E[) Then, at any point during an arbitrary call of
at the iteration j > 1 of Algorithm[]] there does not exist any variable
T I Py such that xy, :*>¢/2 Tyu, and thus ¢} is satisfiable.

Proof. Let j = 1. At the very beginning of iteration j = 1 (where no
changes have been made to ¢, by [BOOLEAN-FORCING)) it follows immediately

by Lemmathat there is no variable 2, in ¢} = qS;%)AT such that ., :*>¢/2 Ty -

Now, let j > 1. Assume that, at the very beginning of iteration j, there is no
variable @, in ¢4 = QS;jSTAlI‘) such that x,, :*>¢/2 Tyy. For the sake of contradic-
tion, assume that, at some point during the execution of this call of
FORCING|7 there exists a variable ,, in ¢} such that z, :*>¢/2 Tyy. Assume that
this is the earliest point during the execution of this call of BOOLEAN-FORCING|

. . . . * . .
where such an implication chain z,, =g, Ty, exists in ¢%. Furthermore, among

all implication chains ., :*>¢/2 Ty, consider one that has the smallest number
of “new” implications.

Similarly to the proof of Lemma we partition the implication chain
Touw :*>¢/2 Zyy into “old” implications (which are also present in qSé%)AT) and
“new” implications (which were added by [BOOLEAN-FORCING| during some it-
eration j' € {1,2,...,7}). Similarly to Lemma for simplicity of notation
we refer to these “new” implications using the symbol “=pgr”. Recall that,
whenever ., =pr Z.d, we have that A(a,b) = A(c,d) by [BOOLEAN-FORCING]
Note that ., :*>¢52 T, contains at least one “new” implication, as otherwise

Ty = 5O Tou which is a contradiction by Lemma

2SAT
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* . . . . .
Case I: z,, =4, Tyu contains at least one “old” implication. Consider

. . . . . . . . . *
an “old” implication xp,= Tqp Within the implication chain @y, =gy Ty,
T

@
which is followed by a “nevé’s’A implication (if there is no such pair of consec-
utive implications, then there is one in the contraposition of the implication
chain). By Lemmal[l6] the “new” implication was added by [BOOLEAN-FORCINC]|
in Line [I7 or Line [I9] We can assume without loss of generality that the
“new” implication is z,,=prxe and that x., = 1 for some synchronous tri-

angle on the vertices a,b,c (this is the case of Line Line works analo-
gously). That is, we have NAE(Zqp, Tbe, Tea) € qbé?\}AE. Summarizing, we have
that zp,=

©) Tab=BFTcp 18 contained in x,, :*>¢z Tyy. Furthermore, by con-
Posar 2

struction of d)g[)S)ATv we have that [{p,q} N {a,b,c}| < 1, hence we can apply
Lemma [13| and obtain one of the following four scenarios:

X .
1. Tpq =>¢(0) Teh-

In this case we can replace quiqs(“) Tab="BFTcp With mpq:>¢m) Tep in
o . % 2EAT . oA
the implication chain z, =4, Ty, to obtain an implication chain from
Zyw t0 Tyy In ¢h with strictly fewer “new” implications, a contradiction.
*
2. xpg = Thet
pq d)g%)AT be

Now we have that x,,= Zap and Zpq = () Tpe. Then by definition
pq T pq ¢2SAT

(0)
Posa

of ¢§%)AT we also have that x,,= Zq.. Recall that we have set ., = 1
T

Booa
(which triggered the addition of the implication xq,=>gre), that is, z.. =
0. Therefore, by Lines [§ and [21] of BOOLEAN-FORCING] we have already

set Tgp = 1, i.e. pq = 0, and therefore the implication :qu:>¢;%>ATxab does

not exist in ¢4 anymore, which is a contradiction.
*
3. Tpg = 0) Teq:
pa 2SAT ca
Now we have that z,,=

* oy
© Tgp aNd Tpg = () Teq. Then by definition
2SAT 2SAT

[}
of ¢(2%)AT we also have that z,,=

Case 1.
*
4. Tpg =, Tgc: Same as Case 2.
2SAT

@

) Zep. From here it is the same as
¢2$AT

Case II: z,, :*>¢/2 Ty, contains only “new” implications. Similarly to
Case II of the proof of Lemma [I6] we use the notion of alternating and non-
alternating sequences of “new” implications. In a nutshell, whenever the se-
quence T, :*>BF Ty contains at least one pair of consecutive direct implica-
tions of the form Z,,=BFTac=BFZad, O Of the form z;,=BFZca=BFTda, the
sequence of implications 2y, = pBr Zvy i called non-alternating; otherwise it is
called alternating. That is, if x,, EBF Tou IS alternating, then it either has the
form

Tyy = Tuyvy 7 BF Luyv; = BF Luyv, :*>BF Tyu = Tojuys (6)

or it has the form

*
Tyy = Lyyvy = BF Luqvs = BFLusvs = BF Lou = Tojug - (7)
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We now distinguish the cases where x,, :*>BF Ty 1S an alternating or a
non-alternating sequence of implications. Note that, as all these are “new”
implications, all edges which are involved in z, = BF Zoy have the same label
t. That is, for every variable z,; that appears in the sequence ., =pp Tyy Of
implications, we have that A(a,b) =t.

Case II-A: z,, =BF T,y is a non-alternating sequence of implications.
This case can be treated in exactly the same way as Case II-A in the proof
of Lemma [I6] where we just replace “z,,” with “z,,”. The main idea of the
proof is that, if x,,, ZBF T 1S non-alternating, then there exists an implication
sequence that contains fewer “new” implications, which is a contradiction.

Case II-B: z,, :*>BF Tyy 1s an alternating sequence of implications.
First let this sequence be of the form of @ As the implication x4, = BFTugu,
of (6) has been added to ¢} by [BOOLEAN-FORCING] it follows that @y, = 1
and A(uj,us) = t. That is, there is a synchronous triangle on the vertices

{u1,v1,us2}, and we have the implication sequence 2., =B Zyyu, - Lherefore,
Lines[IT]and [I2] of BOOLEAN-FORCING] are executed during some iteration j > 1
(i-e. in the main phase) of Algorithm [4] which is a contradiction by Lemma

Now let the sequence ., 2 BF Tyu be of the form of . Similarly to Case
II-A in the proof of Lemma by iteratively applying Lemma |§| (the temporal
triangle lemma), we may assume without loss of generality that the first two
implications of are added to ¢ by the synchronous triangles on the vertices
{u1,v1,v2} and {uy,vs,us}. Furthermore, as the implications ., ., = BFTu;v,
and Ty, p, = BFTuyv, Of have been added to ¢, by |[BOOLEAN-FORCING] it
follows that @y,,, = 1 and x4, = 1.

Assume that {uz,v1} ¢ E or A(ug,v1) < t. Then ¢5§%)AT by definition con-
tains $u2u1:>¢g%>AT$v1u1~ Thus, since %,,,, = 1, it follows BOOLEAN—FORCING|

sets xy,4, = 1, which is a contradiction to the assumption that the implication
Ty vy = BF Ty, Delongs to ¢

Assume that A(ug,v1) > ¢ Then qb;%)AT by definition con-

tains Ty, o, = (00 Tusw, aNd Tyou, = ,0) Tusw,, While both these implica-
1?1 ¢2SAT 2VU1 2VU1 ¢QSAT 202

tions are “old” (as these are implications that involve non-synchronous

edges). Therefore there exists the sequence of implications z,, =

Tuyvr = ,(0) Tugvy = ,(0) Lugws BBF Tou = ZTyyuy, Which contains fewer “new”

. . ¢?2SAT ¢ZS@T .

implications, a contradiction.

Finally assume that A(ug,v1) = t. Then, since @y,,, = 1 and 4, = 1
and the triangles on the vertices {u1, vy, us} and {vy, us2,v2} are synchronous, it
follows that we also have the implications @, 4, = BFTuyv, = BFTuyv,- 1 herefore,
additionally to (7)), also @ is a sequence of (equally many) “new” implications
from x,, to Xy, and thus a contradiction is implied as explained above. This
completes the proof. O

In the next lemma we prove a strong structural property of our algorithm.
Given this property, we will be able to show that, if the algorithm does not
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return “NO” during the initialization phase, then the instance is actually a yes-
instance. That is, during all the subsequent iterations j > 1, the algorithm
only constructs a valid transitive orientation, while the decision variant of the
problem can simply be answered at the end of the initialization phase.

Lemma 19. For every iteration j > 1 of Algorithm[j), every call of[BOOLEAN-|
(in Line[1( of Algorithm[]]) does not return “NO”.

Proof. [ BOOLEAN-FORCING]| can possibly return “NO” either in Lines [5l7] or in
Line First note that, for every call of [ BOOLEAN-FORCINC] in Algorithm [4]
there is a variable 24, which is set to 1 (in Line of AlgorithmE[).

Assume that [BOOLEAN-FORCING]returns “NO” in Lines[B[7] Let (2., Vapq)
be the clause of ¢, which is considered in Line [5| of [ BOOLEAN-FORCING] As
all forcings during the execution of [BOOLEAN-FORCING| are made by assuming
that a specific variable x,, = 1, we have the following:

® Zap =g Tou (aS Ty =0 in Line oleOOLEAN—FORCINGb

® Tup :*>¢/2 ZTgp (88 2pg =0 in Line|§|of|BO0LEAN-FORCING|)

® T,u=¢,Tp, (due to the existence of the clause (v, V pq) in @)

From the above implications we have that
* *
Tab = ¢}, Tou=¢l, Tpqg =), Tha,

which is a contradiction by Lemma

Assume that [BOOLEAN-FORCING| returns “NO” in Line 22] Then, there
exists a clause NAE(zyy, Tyw, Twe) 0 Qﬁg?\; Ag Such that, during the execution of
iteration j of Algorithm[4] we are forced to set each of the variables Ty, Tyw, Twu
to the same truth value, say without loss of generality, T,, = Ty = Tpy = 1.
Furthermore assume without loss of generality that, among these three variables,
Zyy 1s the first one that is set to 1 by [BOOLEAN-FORCINGL

Let x,,, be set to 1 at an earlier iteration of[BOOLEAN-FORCING]than @, and
Zayy. Then [BOOLEAN-FORCING| adds (in Line [17)) to ¢4 the clause (Zyy V Zyw)-
In this case, when m,, (resp. T,,) is set to 1 at a subsequent iteration of
BOOLEAN-FORCING], @y, (resp. .,) is also set to 1 (in Lines[5}[8 of [BOOLEAN-]
FORCING]). This is a contradiction to our assumption that [BOOLEAN-FORCING
sets Tyy = Tow = Twu = 1.

Let x4, be set to 1 at the same iteration of [BOOLEAN-FORCING| as one of
the variables .., Or X,.; say, without loss of generality, with x,,. Then, as
Tyy = Tyyw = 1, [BOOLEAN-FORCING]| sets 2y, = 0 (in Line [21). This is again
a contradiction to our assumption that [BOOLEAN-FORCING| sets Ty, = Tyw =
Twu = 1. O

We are now ready to combine all the above technical results to obtain the
main result of this section in the next theorem, regarding the correctness and
the running time of Algorithm [
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Theorem 20. Algorithm [} correctly solves TTO in polynomial time.

Proof. First assume that Algorithm [ returns “NO”. Due to Lemma this
can only happen in Line[7] of Algorithm [} which means that [[NITIAL-FORCING]|
has found a contradiction in gbg?\% AEN gbgé)AT. Thus, clearly qﬁg?\; AEN qSé%)AT is not
satisfiable, i.e. (G, \) is not transitively orientable.

Now assume that Algorithm [@] does not return “NO”. Than, during its main
phase, Algorithm [ repeatedly calls BOOLEAN-FORCING] and it repeatedly re-
moves clauses from gbg?\% Ap, until they are all removed. By Observation ,
whenever such a clause is removed during the iteration j > 1 of Algorithm

this clause is satisfied by all satisfying assignments of ¢(2Jé)AT, and thus it remains
satisfied by the truth assignment that is eventually computed by Algorithm [4]
Let jo > 1 be the iteration of Algorithm after which all clauses of qzbg?\? A have

been removed. Then ¢2S AT 1s satisfiable by Lemma and the subsequent
4]

calls of [BOOLEAN-FORCING| (in Line of Algorithm M) provide a satisfying

assignment, of 500

Let j1 > jo be the last iteration of Algorlthml; note that gbg]l\} A (,zbéjslAT is
empty. Then, in Line [I3] the algorithm gives the arbitrary truth value z; = 1
to every variable x; which did not yet get any truth value yet. This is a correct
decision as all these variables are not involved in any Boolean constraint of

qbgjl\}LE ngSlAT (which is empty). Finally, the algorithm orients in Line (14 all
edges of G according to the corresponding truth assignment. The returned
orientation F' of (G, ) is temporally transitive as every variable was assigned
a truth value according to the Boolean constraints throughout the execution of
the algorithm.

Summaurizing7 the truth assignment produced by Algorithm [4 satisfies
¢3N AR N é%)ArD and thus the algorithm returns a valid temporally transitive
orientation of the input temporal graph (G,\). This completes the proof of
correctness of Algorithm [4

Lastly, we prove that Algorithm [4 runs in polynomial time. The A-
implication classes of (G, \) can be clearly computed by Algorithm [1]in polyno-
mial time. [BOOLEAN-FORCING]| iteratively adds and removes clauses from the
2SAT formula ¢}, while it can only remove clauses from the 3NAE formula ¢}.
Whenever a clause is added to ¢4, a clause of ¢ is removed. Therefore, as the
initial BNAE formula ¢3 has at most polynomially-many clauses, we can add
clauses to ¢4 only polynomially-many times. In all remaining steps,
just checks clauses of ¢4 and ¢5 and it forces certain truth values
to variables, and thus the total running time of [ BOOLEAN-FORCING]|is polyno-
mial. Furthermore, in [INITIAL-FORCING| and Algorithm [4] (the main algorithm)
the [BOOLEAN-FORCING| subroutine is only invoked at most four times for ev-
ery variable in (bé?\? oRA d)é%)AT. Hence, we have an overall polynomial running
time. O
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Figure 5: Temporal graph constructed from the formula (z = §) A (T = z) A (¥ = %) for
k = 1 with orientation corresponding to the assignment x = true, y = false, z = true. Since
this assignment does not satisfy the third clause, the dashed blue edge is required to make
the graph temporally transitive.

4. Temporal Transitive Completion

We now study the computational complexity of TEMPORAL TRANSITIVE
CoMPLETION (TTC). In the static case, the so-called minimum comparability
completion problem, i.e. adding the smallest number of edges to a static graph
to turn it into a comparability graph, is known to be NP-hard [26]. Note that
minimum comparability completion on static graphs is a special case of TTC
and thus it follows that TTC is NP-hard too. Our other variants, however, do
not generalize static comparability completion in such a straightforward way.
Note that for STRICT TTC we have that the corresponding recognition problem
STRICT TTO is NP-complete (Theorem, hence it follows directly that STRICT
TTC is NP-hard. For the remaining two variants of our problem, we show in
the following that they are also NP-hard, giving the result that all four variants
of TTC are NP-hard. Furthermore, we present a polynomial-time algorithm
for all four problem variants for the case that all edges of underlying graph are
oriented, see Theorem This allows directly to derive an FPT algorithm for
the number of unoriented edges as a parameter.

Theorem 21. All four variants of TTC are NP-hard, even when the input
temporal graph is completely unoriented.

Proof. We give a reduction from the NP-hard MAX-2-SAT problem [24].
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MAX-2-SAT

Input: A boolean formula ¢ in implicative normal form® and an integer
k.

Question: Is there an assignment of the variables which satisfies at least
k clauses in ¢7?

We only describe the reduction from MAX-2-SAT to TTC. However, the same
construction can be used to show NP-hardness of the other variants.

Let (¢,k) be an instance of MAX-2-SAT with m clauses. We construct a
temporal graph G as follows. For each variable x of ¢ we add two vertices
denoted v, and vz, connected by an edge with label 1. Furthermore, for each
1 <3¢ < m-—k+1 we add two vertices V; and v% connected by an edge
with label 1. We then connect vi with vz and vi with v, using two edges
labeled 4. Thus v, vz, vi, vi is a 4-cycle whose edges alternating between 1
and 4. Afterwards, for each clause (a = b) of ¢ with a,b being literals, we add
a new vertex w, ;. Then we connect w,p to v, by an edge labeled 2 and to vy
by an edge labeled 3. Consider Figure [p|for an illustration. Observe that G can
be computed in polynomial time.

We claim that (G = (G, \),0, m — k) is a yes-instance of T'TC if and only if
¢ has a truth assignment satisfying k clauses.

For the proof, begin by observing that G does not contain any triangle. Thus
an orientation of G is (weakly) (strict) transitive if and only if it does not have
any oriented temporal 2-path, i.e. a temporal path of two edges with both edges
being directed forward. We call a vertex v of G happy about some orientation if
v is not the center vertex of an oriented temporal 2-path. Thus an orientation
of G is transitive if and only if all vertices are happy.

(«<): Let a be a truth assignment to the variables (and thus literals) of ¢
satisfying k clauses of ¢. For each literal a with a(a) = true, orient all edges
such that they point away from v, and vi, 1 <i < m — k + 1. For each literal
a with a(a) = false, orient all edges such that they point towards v, and v¢,
1 <i<m—k+1. Note that this makes all vertices v, and v’ happy. Now
observe that a vertex w,; is happy unless its edge with v, is oriented towards
Wa,p and its edge with vy, is oriented towards v;. In other words, w,  is happy if
and only if « satisfies the clause (@ = b). Thus there are at most m — k unhappy
vertices. For each unhappy vertex w, 5, we add a new oriented edge from v, to
vy with label 5. Note that this does not make v, or v, unhappy as all adjacent
edges are directed away from v, and towards v,. The resulting temporal graph
is transitively oriented.

(=): Now let a transitive orientation F’ of G’ = (G', ') be given, where G’
is obtained from G by adding at most m — k time edges. Clearly we may also
interpret F’ as an orientation induced of G. Set a(x) = true if and only if the
edge between v, and vz is oriented towards vz. We claim that this assignment
« satisfies at least k clauses of ¢.

8i.e. a conjunction of clauses of the form (a = b) where a, b are literals.
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First observe that for each variable x and 1 < ¢ < m—k+1, I’ is a
transitive orientation of the 4-cycle v, vz, vi,vi if and only if the edges are
oriented alternatingly. Thus, for each variable, at least one of these k+1 4-cycles
is oriented alternatingly. In particular, for every literal a with a(a) = true,
there is an edge with label 4 that is oriented away from v,. Conversely, if
a(b) = false, then there is an edge with label 1 oriented towards v, (this is
simply the edge from vy).

This implies that every edge with label 2 or 3 oriented from some vertex
Weq (where either @ = ¢ or a = d) towards v, with a(a) = true requires
E(G")\ E(G) to contain an edge from w, 4 to some vi. Analogously every edge
with label 2 or 3 oriented from v, with a(a) = false to some w, 4 requires
E(G")\ E(G) to contain an edge from vz to w 4.

Now consider the alternative orientation F”' obtained from « as detailed in
the converse orientation of the proof. For each edge between v, and w. q where
F' and F" disagree, F"" might potentially require E(G’) \ E(G) to contain the
edge v.vq (labeled 5, say), but in turn saves the need for some edge w. 4vi or
VgWe,d, respectively. Thus, overall, F”' requires at most as many edge additions
as F’, which are at most m — k. As we have already seen in the converse
direction, F" requires exactly one edge to be added for every clause of ¢ which
is not satisfied. Thus, « satisfies at least k clauses of ¢. O

We now show that TTC can be solved in polynomial time, if all edges
are already oriented, as the next theorem states. While we only discuss the
algorithm for TTC the algorithm only needs marginal changes to work for all
other variants.

Theorem 22. An instance (G, F, k) of TTC where G = (G, \) and G = (V, E),
can be solved in O(m?) time if F is an orientation of E, where m = |E].

The actual proof of Theorem [22]is deferred to the end of this section. The key
idea for the proof is based on the following definition. Assume a temporal graph
G and an orientation F of G to be given. Let G’ = (V, F) be the underlying
graph of G with its edges directed according to F'. We call a (directed) path P
in G’ tail-heavy if the time-label of its last edge is largest among all edges of P,
and we define t(P) to be the time-label of that last edge of P. For all u,v € V,
denote by T, the maximum value ¢(P) over all tail-heavy (u,v)-paths P of
length at least 2 in G’; if such a path does not exist then T, , = L. If the
temporal graph G with orientation F' can be completed to be transitive, then
adding the time edges of the set

X(G,F) = {(UUaTu,v) ‘ Tuw # 1},

which are not already present in G is an optimal way to do so. Consider Figure|[t]
for an example.

Lemma 23. The set X(G,F) can be computed in O(m?) time, where G is a
temporal graph with m time-edges and F' an orientation of G.
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Figure 6: Example of a tail-heavy path.

Proof. For each edge vw, we can take G’ (defined above), remove w and all
arcs whose label is larger than A(v,w), and do a depth-first-search from v to
find all vertices u which can reach v in the resulting graph. Each of these then
has T, > A(v,w). By doing this for every edge vw, we obtain T, ,, for every
vertex pair u,w. The overall running time is clearly O(m?). O

Until the end of this section we are only considering the instance (G, F, k) of
TTC, where G = (G, \), G = (V, E), and F is an orientation of G. Hence, we can
say a set X of oriented time-edges is a solution to I if X' := {{u,v} | (uv,t) €
X} is disjoint from E, satisfies | X| = | X'| < k, and F' := FU{wv | (uv,t) € X}
is a transitive orientation of the temporal graph G + X := ((V,E U X’), \),
where X (e) := A(e) if e € E and N (u,v) :=t if X contains (uv,t) or (vu,t).

The algorithm we use to show Theorem [22| will use X (G, F) to construct
a solution (if there is any) of a given instance (G, F, k) of TTC where F is a
orientation of /. To prove the correctness of this approach, we make use of the
following.

Lemma 24. Let I = (G = (G, ), F, k) be an instance of TTC, where G =
(V,E) and F is an orientation of E and X an solution for I. Then, for any
(vu, Ty ) € X(G, F) there is a (vu,t) in G+ X with t > T, ,,.

Proof. Let (vove, Ty v,) € X(G,F), and G’ = (V, F). Hence, there is a tail-
heavy (vg,v¢)-path P in G’ of length ¢ > 2. If £ = 2, then clearly G + X
must contain the time edge (v1ve,t) such that ¢ > T, ,,. Now let £ > 2 and
V(P) :={v; | i €{0,1,...,¢}} and E(P) = {v;—1v; | © € [{]}. Since there is
a tail-heavy (vg—a,v¢)-path in G’ of length 2, G + X must contain a time-edge
(ve—ove,t) with ¢ > T, ,,. Therefore, the (directed) underlying graph of G + X
contains a tail-heavy (vg,vs)-path of length ¢ — 1. By induction, G + X must
contain the time edge (v1vg,t’') such that ¢ >t > Ty, 4, O

Form Lemma it follows that we can use X (G, F') to identify no-instances
in some cases.

Corollary 25. Let I = (G = (G, \), F, k) be an instance of TTC, where G =
(V,E) and F is an orientation of E. Then, I is a no-instance, if for some
v,ueV

1. there are time-edges (vu,t) € X(G,F) and (uv,t') € X(G, F),

2. there is an edge uv € F' such that (vu, T, ) € X (G, F), or

3. there is an edge vu € F such that (vu, T, ) € X(G, F) with A(v,u) < T 4.
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We are now ready to prove Theorem

Proof of Theorem[23 Let I = (G = (G, \), F, k) be an instance of TTC, where
F is a orientation of E. First we compute X (G, F) in polynomial time, see
Lemma 23] Let Y = {(vu,t) € X(G,F) | {v,u} ¢ E} and report that I is
a no-instance if [Y| > k or one of the conditions of Corollary [25] holds true.
Otherwise report that I is a yes-instance. This gives an overall running time of
O(m?).

Clearly, if one of the conditions of Corollary 25] holds true, then I is a no-
instance. Moreover, by Lemma any solution contains at least |Y| time edges.
Thus, if |Y| > k, then [ is a no-instance.

If we report that I is a yes-instance, then we claim that Y is a solution for
I. Let F" D F be a orientation of G + Y. Assume towards a contradiction that
F' is not transitive. Then, there is a temporal path ((vu,t1), (vw,t3)) in G+Y
such that there is no time-edge (uvw,t) in G + Y, with ¢t > ¢5. By definition
of X(G,F), the directed graph G’ = (V, F) contains a tail-heavy (v, u)-path
Py with t; = t(P;) and a tail-heavy (u,w)-path Py with ty = ¢(P2) > t;. By
concatenation of P; and P,, we obtain that the G’ contains a (v, w)-path P’
of length at least two such that to = ¢(P’). Thus, to < T, and (vw, Ty ) €
X (G)—a contradiction. O

Using Theorem [22] we can now prove that TTC is fixed-parameter tractable
(FPT) with respect to the number of unoriented edges in the input temporal
graph G.

Corollary 26. Let I = (G = (G, \), F, k) be an instance of TTC, where G =
(V,E). Then I can be solved in O(27 - m?), where ¢ = |E| — |F| and m the
number of time edges.

Proof. Note that there are 29 ways to orient the ¢ unoriented edges. For each
of these 29 orientations of these ¢ edges, we obtain a fully oriented temporal
graph. Then we can solve TTC on each of these fully oriented graphs in O(m?)
time by Theorem Summarizing, we can solve TTC on I in 2¢-m? rime. O

5. Deciding Multilayer Transitive Orientation

In this section we prove that MULTILAYER TRANSITIVE ORIENTATION
(MTO) is NP-complete, even if every edge of the given temporal graph has
at most two labels. Recall that this problem asks for an orientation F' of a
temporal graph G = (G, A) (i.e. with exactly one orientation for each edge of G)
such that, for every “time-layer” ¢ > 1, the (static) oriented graph defined by the
edges having time-label ¢ is transitively oriented in F'. As we discussed in Sec-
tion [2] this problem makes more sense when every edge of G potentially has
multiple time-labels, therefore we assume here that the time-labeling function
is \: E — 2N,

Theorem 27. MTO is NP-complete, even on temporal graphs with at most
two labels per edge.
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Figure 7: Temporal graph constructed from the formula NAE(z1, z2, z2) A NAE(z1, 2, z3) and
orientation corresponding to setting x; = false, zo = true, and 3 = false. Each attach-
ment vertex is at the clockwise end of its edge.

Proof. We give a reduction from monotone NOT-ALL-EQUAL-3SAT, which is
known to be NP-hard [44]. So let ¢ = A, NAE(yi1,¥i2,¥i,3) be a monotone
NOT-ALL-EQUAL-3SAT instance and X := {x1,...,2,} := Ui~ {¥i 1, V2, ¥i,3}
be the set of variables.

Start with an empty temporal graph G. For every clause NAE(y; 1, Yi 2, ¥i.3),
add to G a triangle on three new vertices and label its edges a; 1, a; 2,8, 3. Give
all these edges label n+ 1. For each of these edges, select one of its endpoints to
be its attachment vertex in such a way that no two edges share an attachment
vertex. Next, for each 1 < i < n, add a new vertex v,. Let 4; :={a;; | yi; =
x;}. Add the label i to every edge in A; and connect its attachment vertex to
v; with an edge labeled i. See also Figure

We claim that G is a yes-instance of MTO if and only if ¢ is satisfiable.

(«<): Let @ : X — {true,false} be an assignment satisfying w. For every
x; € X, orient all edges adjacent to v; away from v; if a(z;) = true and
towards v; otherwise. Then, orient every edge a; ; towards its attachment vertex
if a(y;,;) = true and away from it otherwise.

Note that in the layers 1 through n every vertex either has all adjacent edges
oriented towards it or away from it. Thus these layers are clearly transitive. It
remains to consider layer n + 1 which consists of a disjoint union of triangles.
Each such triangle a;1,a;2,a;3 is oriented non-transitively (i.e. cyclically) if
and only if o(y; 1) = @(yi,2) = a(y;,3), which never happens if « satisfies ¢.

(=): Let w be an orientation of the underlying edges of G such that every layer
is transitive. Since they all share the same label i, the edges adjacent to v; must
be all oriented towards or all oriented away from v,. We set a(x;) = false
in the former and a(z;) = true in the latter case. This in turn forces each
edge a; ; to be oriented towards its attachment vertex if and only if a(a; ;) =
true. Therefore, every clause NAE(y; 1, ¥s 2, ¥i,3) is satisfied, since the three edges
a;1, 44,2, 8;,3 form a triangle in layer n+1 and can thus not be oriented cyclically
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(i.e. all towards or all away from their respective attachment vertices). O

6. Conclusion

We introduced and studied four natural variants of temporal graph tran-
sitivity. Although these four variants look superficially similar, they turn out
to have massive differences in their computational complexity. Two variants
(STRONG TTO and STRONG STRICT TTO) are solvable by straightforward re-
ductions to 2SAT. For TTO we provided a technically involved polynomial-time
algorithm which solves the problem by first reducing it to the satisfiability of a
mixed Boolean formula (having both clauses with three and with two literals)
and by then using a series of structural properties to devise a polynomial-time
algorithm. That is, we reduce TTO to the satisfiability problem of a special
subclass of mixed Boolean formulas which turns out to be efficiently solvable.
We leave it open for future research whether a compact set of conditions can be
given which define this subclass of mixed Boolean formulas, as this might be of
independent interest. The last variant STRICT TTO turns out to be NP-hard.

We further studied the “completion”-problem corresponding to each of the
four temporal transitivity variants, that is, finding the minimum number of time
edges that need to be added to a given temporal graph to make it transitive.
We show for all four completion problem variants that they are NP-hard. How-
ever if the edges of the temporal input graph are already oriented, we obtain
polynomial-time solvability which we can easily generalize to an FPT-algorithm
for the number of unoriented edges as a parameter. Here, we in particular
leave the parameterized complexity with respect to the solution size or other
parameters open for future research. Lastly, we investigate a natural extension
of transitivity to multilayer graphs and show that deciding whether a given
multilayer graph is transitive is NP-hard.
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