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Abstract
In this paper we study two natural models of random temporal graphs. In the first, the continuous
model, each edge e is assigned le labels, each drawn uniformly at random from (0, 1], where the
numbers le are independent random variables following the same discrete probability distribution.
In the second, the discrete model, the le labels of each edge e are chosen uniformly at random from
a set {1, 2, . . . , T }. In both models we study the existence of δ-temporal motifs. Here a δ-temporal
motif consists of a pair (H, P ), where H is a fixed static graph and P is a partial order over its edges.
A temporal graph G = (G, λ) contains (H, P ) as a δ-temporal motif if G has a simple temporal
subgraph on the edges of H whose time labels are ordered according to P , and whose life duration
is at most δ. We prove sharp existence thresholds for all δ-temporal motifs, and we identify a
qualitatively different behavior from the analogous static thresholds in Erdős-Rényi random graphs.
Applying the same techniques, we then characterize the growth of the largest δ-temporal clique in
the continuous variant of our random temporal graphs model. Finally, we consider the doubling time
of the reachability ball centered on a small set of vertices of the random temporal graph as a natural
proxy for temporal expansion. We prove sharp upper and lower bounds for the maximum doubling
time in the continuous model.
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1 Introduction

A temporal (or dynamic) graph is a graph whose topology is subject to discrete changes
over time. This paradigm reflects the structure and operation of a vast variety of modern
real-life networks; social networks, wired or wireless networks whose links change dynamically,
transportation networks, and several physical systems are only a few examples of networks
that change over time [28,34,46,49,53]. Embarking from the fundamental model for temporal
graphs, introduced by Kempe et al. [31] with one (integer) time-label per edge, and from
its extension which allows multiple (integer) time-edges per edge [40], we consider here a
relaxed version of the model where the time-labels are drawn from the positive real numbers
in R+ (see Definition 1). This relaxation of the model allows us to randomly draw each time
label uniformly at random from a time interval, e.g. from (0, 1].

▶ Definition 1 (temporal graph). A temporal graph is a pair G = (G,λ), where G = (V,E)
is a footprint (static) graph with n denoting the number of vertices in V , and λ : E → 2R+ is
a labeling function that assigns to every edge of G a finite set of time labels, each being a
positive real number. G is a simple temporal graph if every edge has exactly one time label,
i.e. the labeling function is λ : E → R+.

Temporal graphs are traditionally used to model information flow which, due to causality,
can only pass along a sequence of edges with increasing time labels. Motivated by this, the
majority of work concerning temporal graphs is based on the notion of temporal paths and
other “path-related” notions, such as temporal analogues of distance, diameter, reachability,
exploration, and centrality [2, 3, 18–21, 32, 33, 40, 45, 48, 52]. Only relatively recently have
attempts been made to define “non-path” temporal graph problems, such as temporal
analogues of clique [17,27,56,57], vertex cover [4,25], coloring [1,30,39,43], matching [11,16,41],
vertex separators [22,26,38], and transitivity [42].

Continuing in this line of research on “non-path” temporal problems, we mainly focus
in this paper on the existence of a given (arbitrary) temporal motif in a temporal graph.
A temporal motif consists of a pair (H,P ), where H is a fixed (static) graph and P is a
partial ordering over the edges of H. A temporal graph G = (G,λ) is said to contain a
temporal motif (H,P ), if H is contained in the footprint G, and the edges of H have time
labels which are ordered in agreement with the partial order P . The existence and frequency
of temporal motifs is a question of both theoretical and practical importance. On the one
hand, theoretically, temporal motifs stand as an intermediate object containing less temporal
information than a temporal subgraph, but more temporal information than a footprint
subgraph. In particular, they are well suited for capturing notions of causality and are less
sensitive to the precise numerical timings of labels. On the other hand, temporal motifs are
widely used in the practical analysis of temporal networks, for both identifying significant
interaction patterns and determining the mechanics of network evolution [54]. An especially
common technique in this context is comparing the frequency of temporal motifs in a given
empirical network with that of some appropriate (and frequently ad hoc) network [24, 35, 54].
A strengthening of this concept, which we study, is the notion of a δ-temporal motif (i.e. one
where all of its constituent edge labels must lie within some window of length δ). These,
in turn, represent a middle ground between a temporal subgraph and a temporal motif.
They have seen application both in fraud detection [58] and as a tool for studying different
interaction scales in empirical networks [50].

Additionally, the vast majority of theoretical work has focused on deterministic worst-case
temporal graphs. While this has led to a relatively good understanding of the worst-case
temporal graph properties, the approach provides little information about the vast majority
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of temporal graphs. This distinction was recently and dramatically demonstrated, by the
discovery that almost all simple temporal graphs permit nearly optimal spanners [15], despite
the existence of temporal graphs without sub-quadratic spanners [9]. Results such as these
raise the general question: to what extent do such unique properties hold for random temporal
graphs rather than only for carefully constructed ones?

1.1 Our Contribution
In this paper we focus on non-path problems on randomly generated temporal graphs. We
expand on earlier work by [15,44], by exploring the properties of two model variants (one
continuous and one discrete model) for random temporal graphs, generalizing the Random
Simple Temporal Graph Model (RSTG) [15, 44]. For ease of reading we defer the formal
definition of the models (see Definitions 5 and 6). Intuitively, in the continuous model we
sample the time labels uniformly at random from (0, 1] for each edge, where the number of
labels on each edge is sampled independently for each edge from some discrete distribution.
The discrete model is the natural discretization of the continuous one, where the labels of
each edge are chosen uniformly at random from a set {1, 2, . . . , T}. In our first result, we
explore the existence thresholds for all fixed δ-temporal motifs, in terms of the length δ of
the permitted time window. Since the temporal graphs we consider here typically have dense
foot-print graphs, but disparate time labels, this serves as a useful, if imperfect, analogue for
the existence thresholds found in sparse static random graphs. In fact we identify a behavior
that is similar, but subtly different from the existence thresholds of fixed static graphs in
the Erdős-Rényi random graph model. In particular, the threshold is determined not by
the reciprocal of the density of the densest subgraph, but instead by the following quantity
which we call the sparsity.

▶ Definition 2. For a graph G = (V,E), the sparsity ρG of G is defined as follows,

ρG = min
H⊑G

|VH |
|EH | − 1 ,

where H ⊑ G denotes that H is a subgraph of G containing at least 2 edges and VH (resp.
EH) are the set of vertices (resp. edges) comprising H.

Intuitively, this stems from the fact that a random temporal graph has many different
intervals which could potentially contain a given δ-temporal motif. Individually, these
intervals contain motifs at thresholds roughly in accordance with the existence of their
footprint in an Erdős-Rényi random graph and the number of such intervals needed to cover
the lifetime of a given temporal graph is inversely proportional to the length of the intervals.
However, a direct proof along these lines is made challenging due to the dependency between
these intervals, especially when the density of the graph is itself a random variable.

This seemingly minor change, from the reciprocal of density to sparsity, is sufficient to
cause qualitatively different threshold behavior from the sparse static case. For example,
δ-temporal motifs built from cycles of different sizes have asymptotically distinct existence
thresholds in our model, unlike their static counterparts [23] in the Erdős-Rényi random
graph. Another consequence of this result is that the asymptotic thresholds are independent
of the edge ordering of a given motif. This implies, for example, that time-respecting paths
of a given length have the same asymptotic threshold as non-time-respecting paths of the
same length. Furthermore, we extend this behavior beyond fixed motifs to consider the size
of the largest temporal motif with a clique footprint, and obtain bounds generalizing the
results of [44].

MFCS 2026
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Our second main result considers a different celebrated property of static random graphs:
their higher order connectivity. Since the existence of a good analogue for expansion in
temporal graphs remains an open problem, we use the maximum doubling time of the
reachability ball centered on small sets of vertices as a natural proxy. In our continuous
model, when the number of labels per edge is fixed, we provide sharp upper and lower bounds
on the maximum doubling time. As a direct consequence, we immediately obtain a sharp
threshold for finite maximum doubling time in the Random Simple Temporal Graph (RSTG)
model of [15]. Interestingly, this corresponds precisely to the threshold for the existence
of temporal source and sink vertices in that model. In contrast, the doubling time of any
specific large set of vertices corresponds to the threshold for both point-to-point reachability
and the existence of a giant component in the RSTG.

2 Related Work

Most research concerning temporal motifs has focused on either algorithmic techniques
for counting or estimating the number of temporal motifs, or the application of these
methodologies for the analysis of real networks [54]. A frequent issue in the latter is the
construction of a “null” or “reference” model to compare the relative frequency of motifs
against [24,35,54]. Despite this there has been very limited research into the distribution
of motifs in random temporal graphs. A notable exception to this is [51], which derives
algorithms for calculating the expectation and the variance of the number of motifs appearing
in a proposed random temporal graph model. While closely related, their work differs
from ours in several ways. Firstly, they focus primarily on the construction of a model
that can be statistically fit to data, and so use a stochastic block model footprint graph
with Poisson distributed inter-edge appearance times. This permits them a greater degree
of topological richness than is obtained in our simpler model, however the distribution of
the labels on each edge is more restricted. Secondly, they focus primarily on providing an
algorithm for the calculation of the first and second moment, rather than their application
to find existence thresholds. Thirdly, they work only in the continuous setting and do
not consider anything comparable to our discrete model. An interesting open problem is
closing this gap, in particular providing equivalent results in a unified model capturing both
the topological expressivity of the stochastic block model and temporal expressivity of our
label multiplicity distribution based approach. While not presented as a result on temporal
motifs, [44] investigates the growth of the largest δ-temporal clique, which implicitly provides
thresholds for motifs with a clique footprint and a trivial partial order. In this work, we
strictly generalize these results to the more powerful random graph models we consider.

Until recently, as discussed in [15], reachability problems in random temporal graphs
have primarily been studied in other fields, such as population protocols, the gossip model
or the random edge ordering model. For example, in population protocols the reachability
properties of the underlying temporal graph underpin two of the model’s most fundamental
lower bounds: the time complexity of broadcast [47] and leader election [55]. However,
recently, in part due to the seminal work of [15], there has been growing interest in the
reachability properties of random temporal graphs from both a structural and algorithmic
perspective. While other models have been considered (see for example [7, 10, 13]), there has
been a focus on establishing the properties of the so-called “Random Simple Temporal Graph”
defined as an Erdős-Rényi random graph with a linear order over its edges. Sharp thresholds
have since been established at: log n

n for point-to-point reachability [15] and the existence
of a giant [12] (or even super constant [6]) connected-component; 2 log n

n for the existence of
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temporal sources and sinks; 3 log n
n for full temporal connectivity; and 4 log n

n for the existence
of pivotal (and non-sharply optimal) spanners [15]. Additionally, there have been several
results concerning various characteristics of the length of time-respecting paths in the RSTG
and their connections to connectivity [5,14]. Our treatment of doubling time shares the most
similarity with [12] as, similarly to there, we require bounds on the growth of reachability
forests, however rather than using a foremost forest (as in [12,15]) or the random recursive
tree (as in [14]), we instead derive the times directly via a simple coupling with a sum of
geometric random variables. An additional distinction is our choice of models which are not
necessarily simple and have asymptotically constant density. Despite this, when restricted to
the interval [a, a+ p] with a single label per edge, sampling from our continuous model is
equivalent to sampling from the RSTG with parameter p.

3 Model and Definitions

As a natural generalization of an important tool for the analysis of static graphs, some
notion of a “temporal motif” has been studied in a variety of contexts and with a variety of
definitions (see [54] for a survey). Particular points of distinction relevant to this work include
whether an occurrence of a temporal motif must represent an induced subgraph (see [50]
and [51] for a difference in opinion) and whether the associated order must be partial [35], or
total [29,37,50,51]. We make use of the following definition for (simple) δ-temporal motifs.

▶ Definition 3 (δ-temporal motif). Let H = (VH , EH) be a finite static graph, δ ∈ R be a
number and P = (EH ,≺) be a partial order over the edges of H. Then a temporal graph
G = (V,E, λ) contains (H,P ) as a δ-temporal motif if and only if there exists a temporal
subgraph I = (V ′, E′, λ′) and a mapping Φ : VH → V ′ such that:

I is a simple temporal subgraph of G: V ′ ⊆ V , E′ ⊆ E[V ′] and ∀e ∈ E′ : λ′(e) ∈ λ(e)
Φ is an isomorphism of H and realizes the order over the labels: Φ is an
isomorphism of H, ∀uv,wx ∈ EH : uv ≺P wx =⇒ λ′(Φ(u)Φ(v)) < λ′(Φ(w)Φ(x)). 1

I has a life duration of at most δ: maxe1,e2∈E′ λ′(e1) − λ′(e2) < δ.

To avoid trivialities we restrict ourselves to considering motifs containing at least 2 edges,
and describe any graph containing 1 or fewer edges as trivial 2. For two graphs, G and H we
use G ⊆ H to indicate that G is a (non-empty) subgraph of H and G ⊑ H to indicate that
G is a non-trivial subgraph of H.

In this paper we investigate two models of a random temporal graph. The first is a
continuous model, while the second is a natural discretization of it. In both models, there are
two forms of randomness: the number of labels on each edge (which is sampled identically and
independently at random from the “label multiplicity distribution”) and the labels themselves
(which are sampled uniformly at random from some interval depending on the model).

▶ Definition 4. We define the label multiplicity distribution ψ to be any distribution over
the non-negative integers with a positive and finite second moment.

1 Definition 3 is given under the assumption that P is a strict partial order. Alternatively a δ-temporal motif
could be defined with respect to a non-strict partial order P , that is, uv ≺P wx =⇒ λ′(Φ(u)Φ(v)) ≤
λ′(Φ(w)Φ(x)). With this alternative definition, we believe, but have not verified, that all results of the
paper should remain the same, excluding the case where two labels are required to be equal by the
order.

2 We note that the empty graph is a δ-temporal motif of any sufficiently large graph. Furthermore, all
simple motifs containing only a single edge appear as δ-temporal motifs with thresholds 0 and 1 in the
continuous and discrete models respectively.

MFCS 2026



79:6 Sharp Thresholds: Temporal Motifs and Doubling Time in Random Temporal Graphs

For a random variable Q ∼ ψ, we denote r = E[Q] and r2 = E[Q2]. Furthermore, we denote
q = P[Q > 0]. We can now define both our continuous and discrete models.

▶ Definition 5 (Doubly Random Temporal Graph; continuous case). We define the distribution
ΓV (ψ) of random temporal graphs on the vertex set V with label multiplicity distribution ψ.
A sample G = (V,E, λ) from ΓV (ψ) is obtained as follows: For each edge e ∈

(
V
2
)
, we sample

the set of edge occurrences λ(e) by drawing le ∼ ψ samples uniformly at random from (0, 1].

▶ Definition 6 (Doubly Random Temporal Graph; discrete case). We define the distribution
ΓV (ψ, T ) of random temporal graphs on the vertex set V with label multiplicity distribution ψ

and largest possible time-label T . A sample G = (V,E, λ) from ΓV (ψ, T ) is obtained as
follows: For each edge e ∈

(
V
2
)
, we sample the set of edge occurrences λ(e) by drawing le ∼ ψ

samples uniformly at random from the set {1, ..., T}.

Throughout the paper, in the discrete model, we will only consider β-temporal (H,P ) motifs,
where β is at least height(P ), the length of the longest chain in P . The reason for this is that,
if β is smaller than the longest chain in P , then trivially a β-temporal motif (H,P ) does not
exist. There is a natural relationship between the two models, based on the following notion.

▶ Definition 7. For a continuous temporal graph G = (V,E, λ) with all labels restricted to
(0, 1], its T -discretization is given by H = (V,E, λ′) where λ′(e) = {⌈T l⌉ : l ∈ λ(e)}.

We immediately have the following observation connecting the two models.

▶ Observation 8. For all vertex sets V and label multiplicity distributions ψ the distribution
ΓV (ψ, T ) is identical to the distribution of T -discretizations of a random sample from ΓV (ψ).

Furthermore, we consider the higher order connectivity of these temporal graphs. Due to
the lack of a good definition for the notion of expansion for temporal graphs, we choose to
use the doubling time of reachability balls as a proxy for expansion.

▶ Definition 9. Let G = (V,E, λ) be a temporal graph and S ⊂ V be a set of vertices such
that |S| ≤ |V |

2 . We define the following notions:
1. The t-step reachability ball BG (S, t) of S on G to be all vertices reachable via a time-

respecting path initiated from a vertex in S and arriving by time t,
2. The doubling time DoubleG(S) = min{t ∈ N0 : |BG (S, t) | ≥ 2|S|} of a set of vertices to

be the minimum time required for the reachability ball to double in size. If {t ∈ N0 :
|BG (S, t) | ≥ 2|S|} = ∅, we define DoubleG(S) = ∞,

3. The doubling time Double(G) = max
S⊂V :|S|≤ |V |

2
DoubleG(S) of a temporal graph to be

the maximum doubling time over all small sets of vertices.
Finally, we say that an event concerning a temporal graph occurs "with high probability" if
the probability of that event approaches 1 as the size of the temporal graph grows.

4 Results

Our first result is on existence thresholds for fixed δ-temporal motifs in the continuous variant
of our model.

▶ Theorem 10. Let H = (VH , EH) be a non-trivial static graph, P = (EH ,≺) be any partial
order over the edges of H and ρH = minI⊑H

VI

EI −1 . A random temporal graph drawn from
Γ[n](ψ):

Contains (H,P ) as a δ(n)-temporal motif with high probability if δ(n) = ω(n−ρH ).
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Does not contain (H,P ) as a δ(n)-temporal motif with high probability if δ(n) = o(n−ρH ).

For the discrete model, recall that, for any choice of a fixed graph H and a partial
order P over its edges, a sample from Γ[n](ψ, T ) cannot contain (H,P ) as a β-temporal motif,
if β < height(P ). Therefore we assume below without loss of generality that β ≥ height(P ).
We obtain the following equivalent result for the discrete model.

▶ Theorem 11. Let H = (VH , EH) be a non-trivial static graph, P = (EH ,≺) be any partial
order over the edges of H and ρH = minI⊑H

VI

EI −1 . Suppose that there exists n0 > 0 such
that minn≥n0 β(n) ≥ height(P ). Then, for T (n) ≥ β(n), a random temporal graph drawn
from Γ[n](ψ, T (n))

Contains (H,P ) as a β(n)-temporal motif with high probability if β(n)
T (n) = ω(n−ρH ).

Does not contain (H,P ) as a β(n)-temporal motif with high probability if β(n)
T (n) = o(n−ρH ).

We also apply our techniques to generalize the previous work of [44] and investigate the
growth of the largest δ-temporal clique in the continuous variant of our model. We find that
the introduction of more labels produces a subtly different behavior, although still close to
the clique number of Erdős-Rényi random graphs.

▶ Theorem 12. Let Ki be the clique on i vertices and P ∅
i be the partial order over its

edges such that they are all mutually incomparable. Further, let 0 < δ < 1 be a constant,
G = (V,E, λ) be a sample from Γ[n](ψ) and define wδ(G) to be the maximum value such that
G contains (Hwδ(G), P

∅
wδ(G)) as a δ-temporal motif. Then for any ϵ > 0, the following holds

with high probability,

(1 − ϵ) 2 logn
log

(
δr2−δr+r

δr2

) ≤ wδ(G) ≤ (1 + ϵ) 2 logn
log

(
δr+(1−δ)q

δqr

) .
Finally, we consider the doubling time of a random sample from Γ[n](ψ) in the special case
where ψ is a degenerate distribution, i.e. where every edge has the same number of labels.

▶ Theorem 13. Let G = (V,E, λ) be a sample from Γ[n](ψ), with ψ a degenerate distribution.
For any α > 0,

P
[

(2 − α) logn
rn

≤ Double(G) ≤ (2 + α) logn
rn

]
= 1 − o(1).

We note that when ψ is the degenerate distribution on 1, this statement is equivalent to the
following statement about the RSTG model,

▶ Corollary 14. Let H = (V,E, λ) be a sample from the RSTG distribution with parameter
β(n). Then the doubling time of H is asymptotically almost surely:

finite, if β(n) > (2 + Ω(1)) log n
n ,

infinite, if β(n) < (2 − Ω(1)) log n
n .

A number of proofs have been omitted from this version due to length constraints. For the
detailed proofs of all stated results, please consult the full version [8].

5 Distribution of Temporal Motifs

In this section we outline the proofs of our results (see Theorems 10–12) on the thresholds for
the existence of motifs in temporal graphs. The results are obtained via a modification of a
first and second moment argument, loosely following the treatment of their static analogues
in [23]. Since the proofs of the results concerning both growing motifs and those of constant
size share a lot of technical details (simply optimizing for different factors in the associated
bounds), we present their shared components together.

MFCS 2026
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5.1 Technical Preliminaries
Before we present our techniques, we will need a few preliminary results and definitions.
Our first preliminary is a short definition required for defining the probability of a given
collection of labels obeying the partial order. Here it is important to distinguish between the
continuous case, where labels are totally ordered almost surely, and the discrete case, where
multiple labels may share the same time stamp.

▶ Definition 15. For a poset P = (A,≺) and β ∈ [n], we take R(P ) to be the number of
linear extensions of P and R(P, β) to be the number of mappings from A to [β] such that P
is satisfied on [β].

We will also need the following notion of automorphism for temporal motifs. In particular,
we require that the mapping over the edges produced by the automorphism of the vertices
corresponds to an automorphism of the associated partial order. The number of such
automorphisms will play a crucial role in preventing the over-counting of the number of
occurrences of temporal motifs when multiple occurrences share the same labels.

▶ Definition 16. For a fixed graph H = (V,E) and a partial order P = (E,≺), ϕ : V → V

is an automorphism of (H,P ) if ϕ is an automorphism of H preserving the ordering of P .
Explicitly, we require that (i) for all u, v we have {u, v} ∈ EH ⇐⇒ {ϕ(u), ϕ(v)} ∈ EH and
(ii) for all pairs of edges {u, v}, {w, x} ∈

(
V
2
)

we have {u, v} ≺ {w, x} ⇐⇒ {ϕ(u), ϕ(v)} ≺
{ϕ(w), ϕ(x)}. We denote the number of such automorphisms by #Aut(H,P ).

Additionally, we require the following simple domination result, which relates the probability
of a temporal motif appearing in two instances of our random graph models based on
stochastic domination between their label multiplicity distributions. This will serve as a
useful tool which allows us to reduce the problem of obtaining certain bounds for arbitrary
label multiplicity distributions to the case of bounded label multiplicity distributions.

▶ Lemma 17. Let I = (VI , EI) be a fixed graph, P = (EI ,≺) a partial order over its edges
and ψ and χ two valid label multiplicity distributions, such that ψ is stochastically dominated
by χ. Further let G = (V,E, λ) be a temporal graph sampled from ΓV (ψ) and H = (V,E, λ′)
be a temporal graph sampled from ΓV (χ). Then,

For any 0 < δ < 1, the probability (I, P ) appears as a δ-temporal motif in G is at most
the probability that (I, P ) appears as a δ-temporal motif in H.
For any 0 < β < T , the probability (I, P ) appears as a β-temporal motif in the T

discretization of G is at most the probability that (I, P ) appears as a β-temporal motif in
the T discretization of H.

We can now construct our random variables of interest. We define S to be the set of all
occurrences of H in the footprint graph G = (V,E) and for any S ∈ S we define TS to be
the set of all mappings from ES → N0. For mathematical convenience we shall treat λ(e)
as a tuple ordered by the order of sampling rather than a multi-set and we shall assume
that for each edge the value of all labels are sampled first, only later followed by how many
will actually appear. This allows us to interpret any pair (S, τ) for S ∈ S and τ ∈ TS , as a
specific candidate for a motif, namely S where each edge e ∈ ES has its τ(e)th sampled label.
Then, for a random sample G from Γ[n](ψ), S ∈ S and τ ∈ TS , we define C(δ)

S,τ to be the
indicator random variable for the event that (S, τ) describes a δ-temporal (H,P ) motif of G.
Additionally, Cδ =

∑
S∈S,τ∈TS

C
(δ)
S,τ corresponds to the total number of appearances of (H,P )

as a δ-temporal motif of G. Analogously, for a random sample H from Γ[n](ψ, T ), which we
obtain by taking the T -discretization of G, we define F (β),T

S,τ to be the indicator for the event
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that (S, τ) describes a β-temporal (H,P ) motif of H. Finally, F(β),T =
∑

S∈S,τ∈TS
F

(β),T
S,τ

corresponds to the total number of appearances of (H,P ) as a β-temporal motif of H.
We now make the following observation relating the two models.

▶ Observation 18. For G = (V,E, λ), T > β ≥ 1, H the T discretization of G, H = (VH , EH)
any static graph, P = (EH ,≺) a partial order over the edges of H, and for every S ∈ S,
τ ∈ TS, we have that {F (β),T

S,τ = 1} ⊆ {C( β
T )

S,τ = 1}. Therefore, with certainty, F(β),T ≤ C β
T
.

5.1.1 First Moment
Since directly calculating the probability of a temporal motif occurring in a random temporal
graph is infeasible, we shall rely on bounds derived from the first moment of the number of
such occurrences. In fact, we are able to obtain the following lemma via a relatively standard
calculation, exploiting both the linearity of expectation and the independence between the
number of labels on each edge and their value. Note that the term concerning the number
of realizations of P is absent in the case for β = 1 as there exists only a single possible
realization (all labels in a single snapshot).

▶ Lemma 19. The expectation of Cδ is:

E[Cδ] = δ|EH |r|EH ||VH |!
(
R(P )
|EH |!

) (
n

|VH |

) (
1 + |EH |(1 − δ)

δ

)
.

Similarly, if β = 1 then E[F(1),T ] = r|EH |T 1−|EH ||VH |!
(

n
|VH |

)
.

On the other hand, if β > 1 then E[F(β),T ] ≥
(

βr
2|EH |T

)|EH |
|VH |!

(
1 + |EH |(1− β

2T )
β

2T

) (
n

|VH |
)
.

With that established, we may turn our attention to the construction of the actual bound.
The observant reader may notice that the expectations obtained above will tend to zero
whenever δ(n) = o(n−ρH ) and |VH | is fixed. In fact, Lemma 19 is sufficient to show the lower
bounds of Theorem 10 and Theorem 11 via a straightforward application of the first moment
method. Unfortunately, the same cannot be said for Theorem 12. Indeed, even a cursory
inspection of the problem will reveal that C(δ)

S1,τ1
and C(δ)

S2,τ2
have a strong positive association

whenever τ1 and τ2 share labels or even when S1 and S2 share a single edge. Consequently,
the first moment produces an extremely weak bound that explodes whenever r > 1 and the
size of H is unbounded. In order to control these dependencies and limit the contribution of
additional occurrences after the first, we make use of a slightly more sophisticated bound
based on the ratio of the expectation and the expectation conditioned on being non-zero.

▶ Lemma 20. Let H = (VH , EH) be a fixed graph, P = (EH ,≺), G = (V,E, λ) be a sample
from Γ[n](ψ) and 0 < δ < 1. Then,

P[Cδ > 0] ≤
(

n

|VH |

)
|VH |!

#Aut(H,P )

(
δrq

(1 − δ)q + δr

)|EH | (
1 + |EH |(1 − δ)

δ

)
.

5.1.2 Second Moment
Once again we wish to avoid a direct calculation of a lower bound on the probability of
a given motif occurring, and so our strategy will be to use the second moment method.
Unfortunately, we do not find a unified overarching bound sufficient to obtain our results for
both fixed and growing motifs, as positive association rears its head once more (although
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this time as an obstacle for the fixed case). In particular, when two potential occurrences
of a motif share a footprint they remain dependent even if they do not share any labels,
due to the inherent randomness of the label multiplicity distribution. This presents an issue
whenever ψ is a non-degenerate non-Bernoulli distribution, as we will retain terms in our
summations corresponding to such pairs. These terms contribute an additional δ factor to
our calculations, which can be absorbed in the case of Theorem 12 where δ is constant but a
naive application of the second moment would lead to asymptotically weaker bounds in the
case of Theorem 10 and Theorem 11 where δ is decreasing. In order to avoid this pitfall, we
shall make use of two bounds, one for the case where ψ is a Bernoulli random variable and
one for the more general but still bounded case. We shall warm up with the considerably
easier former case.

▶ Lemma 21. Let G = (V,E, λ) be a sample from Γ[n](ψ), for ψ a Bernoulli random variable,
then for any 0 < δ < 1,

Var [Cδ] ≤ (
√

2δr)2|EH |
(

1 + |EH | (1 − δ)
δ

)
n2|VH |(2|VH |)2|VH |

∑
I⊆H

(2δr)−|EI |n−|VI |.

Similarly for any β > 0, T > β,

Var
[
F(β),T

]
≤ (

√
2βr
T

)2|EH |
(

1 + |EH | (T − β)
β

)
n2|VH |(2|VH |)2|VH |

∑
I⊆H

(2βr
T

)−|EI |n−|VI |.

With that established, we can present the following more general result, in which we have to
be much more careful to control the dependence caused by the label multiplicity distribution.
Consequently, the following lemma is restricted to the case where ψ is almost surely bounded.

▶ Lemma 22. Let G = (V,E, λ) be a sample from Γ[n](ψ), where ψ is almost surely bounded,
then for any 0 < δ < 1,

Var [Cδ] ≤ δ2|EH |r2|EH |
(

1 + |EH |(1 − δ)
δ

)2 ∑
S1,S2∈S:ES1 ∩ES2 ̸=∅

(
δr2 + r − δr

δr2

)|ES1 ∩ES2 |

.

5.2 Existence Thresholds
We can now turn our attention to the existence thresholds themselves, where we are able to
make use of similar approaches for both the fixed and growing motifs. For the continuous
model, both the lower bound on the existence threshold for fixed motifs (Theorem 10) and
the upper bound on the size of the largest unordered clique motif (Theorem 12) follow from
the asymptotics of Lemma 20. Interestingly, this also suffices for the lower bound on the
existence threshold for fixed motifs in the discrete case (Theorem 11), as, by Observation 18,
the number of occurrences of (H,P ) as a β

T -temporal motif in a sample from Γ[n](ψ) is at least
the number of occurrences of (H,P ) as a β-temporal motif in the sample’s T discretization.

The opposing bounds are somewhat more challenging. In both cases, we are only able to
obtain a weak variant of our desired result via a naive application of the second moment
method. For fixed motifs, we inherit the restriction of ψ to Bernoulli distributions from
Lemma 21, and for the largest unordered clique, we similarly find ourselves restricted to
almost surely bounded label multiplicity distributions. However, these restricted versions
actually turn out to be sufficient for our purposes. The key idea is to apply Lemma 17 and
exploit the relationship between samples from multiple instances of our model with different
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(and stochastically ordered) label multiplicity distributions. On the one hand, in the case of
fixed motifs, observe that any non-negative non-degenerate discrete distribution ψ over N
stochastically dominates some Bernoulli distribution σ. Since we know from Lemma 17 that
the number of instances of a temporal motif in two coupled samples from the continuous
(resp. discrete) model with different label multiplicity distributions inherit the stochastic
order of their corresponding label multiplicity distributions, it follows that the probability
of a given temporal motif existing in the sample from Γ[n](ψ) (resp. Γ[n](ψ, T )) is lower
bounded by the probability of one existing in the sample from Γ[n](σ) (resp. Γ[n](σ, T )).
Combining this with the bound from the second moment method, even when restricted
only to Bernoulli label multiplicity distributions, is then sufficient to obtain our threshold.
On the other hand, we have to be a bit more careful in the case of the largest unordered
clique, as the error introduced from the discrepancy between the actual label multiplicity
distribution and a Bernoulli lower bound is too high. Fortunately, for any valid choice ψ of
label multiplicity distribution, we can find a second almost surely bounded distribution χ

such that ψ stochastically dominates χ and χ has first and second moments arbitrarily close
to those of ψ. In particular, for a suitable choice of χ, we are able to achieve the same bound
in Theorem 12 for both samples from Γn(ψ) and Γ[n](χ). The result then follows from the
same stochastic order argument as for fixed motifs.

6 Doubling Times

In this section, we outline the ideas behind Theorem 13 characterizing the doubling time of
Γ[n](ψ) whenever ψ is a degenerate random variable. The proof largely consists of obtaining
probabilistic bounds on the doubling time of small individual sets followed by a more careful
analysis of the particularly early and late participants. This approach is inspired by [15],
although as we deal with relatively large sets of vertices rather than individual vertices, we
have to put in a lot of extra-leg work in the process. Our main strategy for obtaining bounds
on the doubling time of any specific set is to bound the time required for reachability balls to
cross a sequence of cuts in the underlying graph. This introduces a great deal of dependency,
which we are fortunately able to control (see the full version for more details).

For the sake of mathematical convenience, we first establish the results for a slightly
different random temporal graph model and then show how they can be extended to
our original setting. The model in question is a different discretization to the one we
have considered thus far: the so-called “order discretization”. In constructing the order
discretization of G, we strip away all information about the precise timing of edge labels and
instead only retain the relative order between them. The order discretization of G contains
only a single edge at any given time and the edge at time k corresponds to the kth edge to
appear in G. Formally, it is defined as follows.

▶ Definition 23. For a temporal graph G = (V,E, λ) where no two edges share the same
label, we define GO = (V,E, λO) the order discretization of G such that λO(e) corresponds to
the set of relative positions of each label in λ(e) in the overall set of labels. Furthermore, for
0 ≤ a < b we define GO

[a,b] = (V,E[a,b], λ
O
[a,b]) to be GO with all labels outside of [a, b] removed.

Since the number of labels falling within a given interval of a sample from Γ[n](ψ) is highly
concentrated, we are easily able to convert between times in a sample from Γ[n](ψ) and its
order discretization.

MFCS 2026



79:12 Sharp Thresholds: Temporal Motifs and Doubling Time in Random Temporal Graphs

6.1 Upper bounds
We will begin with our argument for obtaining an upper bound on the doubling time. However,
first, we will need a few preliminary ideas. A key property of our model is that it is in some
sense “time reversible” as the probability of any set of edge labels appearing in a given order
is the same as that of them falling in the reverse (or in fact any) order. This provides us
with a very useful tool as we are able to consider our normal temporal graph and variants
of it where we have partially reversed its labeling interchangeably. The next definition and
lemma (see also Definition 9) exploits this property to reduce bounding the doubling time of
small sets of vertices to bounding the doubling time of large sets of vertices in the partially
reversed graph.

▶ Definition 24. For any temporal graph G = (V,E, λ), we define:
Double−(G) = maxS⊂V :2≤|S|≤ n

4
(DoubleG(S)) to be the doubling time over small sets.

Double+(G) = maxS⊂V : n
4 <|S|≤ n

2
(DoubleG(S)) to be the doubling time over large sets.

R(G, t) = (V,E, λR(G,t)) to be the partially reversed temporal graph obtained by reversing
the occurrence times of all labels before t, i.e. taking λR(G,t)(e) = {Rt(l) : l ∈ λ(e)},

where Rt(l) =
{
t− l if t > l

l otherwise
.

▶ Lemma 25. For any temporal graph G = (V,E, λ), Double−(R(G,Double+(G)) ≤
Double+(G).

Proof. For ease of notation we will denote D = Double+(G) and H = R(G,Double+(G)).
Now for the sake of contradiction, assume that there exists a set S with 2 ≤ |S| ≤ n

4 such
that DoubleH(S) ≥ D. Consider that for any two vertices u and v if there exists a path from
u to v in G arriving before time D there must exist a path from v to u in H arriving by time
D. Thus, we must have that T the set of vertices outside of S that can reach S in G before
time D has size at most |S| − 1. Furthermore, since |S| ≤ n

4 , we must have that |S ∪ T | ≤ n
2

and so we can take U ⊂ V such that |U | = ⌈ n
2 ⌉ and S ∪ T ⊆ U . Now by definition V \ U

has doubling time at most D in G. Since V \ U has size ⌊ n
2 ⌋, this implies that at most one

vertex cannot be reached from V \ U via a time-respecting path before time D in G. So, in
particular, there must be at least one vertex from V \ U with a path to some member of S
in G arriving by time D. This contradicts the definition of T and so no such set S can exist.
Therefore every set with size at least 2 and at most n

4 must have a doubling time in H of at
most D. ◀

While stated for arbitrary temporal graphs, in our setting, given the equal probability of
sampling both G and R(G,Double+(G)), this turns any upper bound on the doubling time of
large sets into an upper bound on the doubling time of small sets. Our second key preliminary
is an upper bound on the time taken for the reachability ball centered on any specific set of
vertices to grow to a certain size, obtained from a carefully constructed coupling between
the total time between expansions of the reachability ball and a sum of geometric random
variables. We defer its precise (and somewhat involved) statement to the full version [8] and
will refer to it here as our single-set growth upper bound.

With these tools established, we may give our upper bound on the doubling time in GO.

▶ Lemma 26. Let G = (V,E, λ) be a sample from Γ[n](ψ), for ψ a degenerate distribution.
Then for any β > 0, we have that Double(GO) ≤ (1 + β)n logn.
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The proof of this result consists largely of applying the single-set growth upper bound,
along with a concentration inequality and Lemma 25 in order to deal with the case of small
sets. More specifically, observe that once all vertices can be reached by at least 3n

4 other
vertices, every set of size at least n

4 can reach all vertices. Thus, once this has occurred
the reachability ball of all large sets of vertices must have doubled in size. In order to
bound this time, we first show via an application of the single-set growth upper bound and
Markov’s inequality that almost all vertices can be reached by 3n

4 other vertices by roughly
time n logn. From a second application of the single-set growth upper bound, we find that
the few remaining vertices are reached from the already well connected vertices within only
approximately a further n logn rounds. The more general result then follows from using
Lemma 25 to extend the bound to cover all smaller sets of vertices.

Proof. We shall make use of the following notation. Denote by H(a, b) = Hn−a +Hb−1 −
Ha−1 − Hn−b, where Ha is the ath harmonic number with the convention that H0 = 0.
Further, denote by T the first time step such that all vertices can be reached by at least 3n

4
other vertices. For a fixed γ, ϵ > 0 small, denote by X the number of vertices that are not
reachable by 3n

4 other vertices by time T1 = (1+ϵ)nH(1, 3n
4 +1)

2(1−γ) . It follows from our single-set
growth upper bound and the linearity of expectation that,

E[X] ≤ n ·
(

exp
[
−n− 1

n
H(1, 3n+ 4

4 )(ϵ− log (1 + ϵ))
]

+ o(n−1)
)
.

For n sufficiently large and ϵ sufficiently small,

≤ n1−ϵ+log (1+ϵ).

Now applying Markov’s inequality, we have that,

P[X > n1−ϵ+log 1+ϵ logn] ≤ 1
logn.

Thus with probability 1− 1
log n we have a set of at least n−n1−ϵ+log 1+ϵ logn vertices that can

be reached by at least 3n
4 other vertices which we shall denote by A. Trivially, T must occur

at the very latest when every member of V \ A is reachable by a member of A via a path
starting after T1. Since T1 = O(n logn), we know from a second application of our single-set
growth upper bound that this occurs at the very latest by T1 + (1+ϵ)nH(n−n1−ϵ+log 1+ϵ log n,n)

2(1−γ)
with probability 1 − o(1). Taking a union bound over the probability of failures we get that
with probability 1 − o(1),

T <
(1 + ϵ)n
2(1 − γ)

(
H(1, 3n

4 + 1) + H(n− n1−ϵ+log 1+ϵ logn, n)
)

= (1 + ϵ)n
2(1 − γ)

(
Hn−1 +H 3n

4
−Hn

4 −1 +Hn1−ϵ+log 1+ϵ log n +Hn−1 −Hn−n1−ϵ+log 1+ϵ log n

)
.

For any α > 0 small, and all n large enough, we can apply a folklore approximation of the
harmonic series (see the full version [8] for the precise statement),

≤ (1 + ϵ)n logn
2(1 − γ)

((
4 − ϵ+ log (1 + ϵ) + log logn

logn

)
(1 + α) − 2(1 − α)

)

= (1 + ϵ)n logn
2(1 − γ)

(
2 + 2α+ (1 + α)

(
−ϵ+ log (1 + ϵ) + log logn

logn

))
.
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For any β > 0, taking α = γ = ϵ > 0 sufficiently small, we find,

≤ (1 + β)n logn.

Thus, we find that, with probability 1 − o(1), all vertices can be reached by at least 3n
4

other vertices by time (1 + β)n logn. Therefore, we must have that by time (1 + β)n logn
all sets of size at least n

4 can reach all vertices. Thus we have that with probability 1 − o(1),
Double+(G) ≤ (1 + β)n logn and by the time reversible nature of the distribution that
Double+(R(G, (1 + β)n logn)) ≤ (1 + β)n logn with the same probability. In which case it
follows from Lemma 25 that Double−(G) ≤ (1 + β)n logn. Thus taking a union bound over
the failure probabilities, we find that Double(G) ≤ (1 + β)n logn ◀

6.2 Lower Bounds
In this section we present a lower bound to match the upper bound of Lemma 26. However,
this time, our lives will be significantly easier, as it suffices to consider only the doubling
time of sets containing precisely n

2 vertices. As before, we need a bound on the doubling
time of any specific set, and so make use of the following result analogous to our single-set
growth upper bound, the proof of which we also defer.

▶ Lemma 27. Let G = (V,E, λ) be a sample from Γ[n](ψ), for ψ a degenerate distribution,
and let S ⊆ V be a set of vertices such that |S| = n

2 . Then for any α, β > 0 sufficiently small
we have that,

P
[
DoubleGO (S) < (1 − α)n logn

2(1 + β)

]
= O(n

log 2−1
5 ) +O(n2(1−β)(α+log (1−α))).

With that established we may now give the main result of the subsection, a lower bound on
the doubling time of GO.

▶ Lemma 28. Let G = (V,E, λ) be a sample from Γ[n](ψ), with ψ a degenerate distribution,
then Double(GO) ≥ (1 − ϵ)n logn.

The key notion for the proof of this result is the idea of a “blocker vertex”, i.e. a vertex who
is not yet reachable by any member of some large set of vertices. By applying Lemma 27
and Markov’s inequality, followed by a simple counting argument, we are able to show that
at least a constant fraction of vertices must be blockers around time n log n

2 . Then, via drift
analysis, we are able to show that at least one blocker vertex will not be included in an edge
before time (1 − ϵ)n logn. Given the fact that the doubling time is lower bounded by the
time when the last vertex stops being a blocker, and that a vertex must be included in an
edge in order to stop being a blocker, we immediately obtain the bound.

Proof. Let X be the number of sets of vertices of size n
2 which have a doubling time of at

most (1−α)n log n
2(1+α) for some α > 0 small. We know from Lemma 27 (where the O(n

log 2−1
5 )

vanishes into the term depending on α) and the linearity of expectation that for some constant
c > 0,

E[X] ≤ cn2(1−α)(α+log (1−α)) ·
(
n
n
2

)
.

Therefore by Markov’s inequality it holds that,

P
[
X ≥ cn2(1−α)(α+log (1−α)) logn ·

(
n
n
2

)]
≤ 1

logn.
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Therefore with probability 1 − 1
log n there are at least (1 − cn(1−α)(α+log (1−α)))

(
n
n
2

)
sets with

a doubling time of at least (1−α)n log n
2(1+α) .

Now, a set of size n
2 has not yet doubled its reachability ball, if and only if, there is some

vertex outside of the set that it cannot yet reach. We call such an unreachable vertex a
“blocker” vertex for that set. Furthermore, any individual blocker vertex can block at most(

n−1
n
2

)
= 1

n

(
n
n
2

)
sets (precisely those that do not contain it). Since we know that with high

probability there are (1 − n−β)
(

n
n
2

)
sets which are blocked for some β > 0, for any constant

0 < d < 1 it holds that there must be at least dn blocker vertices.
In order for a set to have doubled its reachability ball, it must have no more blocker

vertices and a blocker vertex can only stop being a blocker when it is included in an edge.
What we will now show is that, with high probability, at least one blocker vertex is not
included in an edge between (1−α)

2(1+α)n logn and (1 − ϵ)n logn.

▷ Claim 29. There exists at least one blocker vertex that does not receive an edge between
time (1−α)

2(1+α)n logn and (1 − ϵ)n logn with probability 1 − o(1).

Proof. Let B be a set of dn vertices chosen arbitrarily at time (1−α)
2(1+α)n logn to either be a

subset or super-set of the set of the currently blocking vertices. Let Yt be the set of vertices
from B that have not yet received an edge between time (1−α)

2(1+α)n logn and (1−α)
2(1+α)n logn+ t,

and Ft be its corresponding filtration. We have the following two bounds, for t < 2n logn
and any fixed γ > 0 immediately,

P[Yt − Yt+1 = 1|Ft, Yt = y ≥ 1] ≤ 2y(1 + γ)(n− y)
n(n− 1) ,

P[Yt − Yt+1 = 2|Ft, Yt = y ≥ 2] ≤ y(1 + γ)(y − 1)
n(n− 1) .

We define Tconnect = inf{t ≥ 0 : Yt ≤ 2}, take ζ = 1 and g(y) = log y + 1, then

E
[
eζ(g(Yt)−g(Yt+1))|Ft, Yt = y ≥ 3

]
= P[Yt − Yt+1 = 0|Ft, Yt = y ≥ 3] (1)

+ P[Yt − Yt+1 = 1|Ft, Yt = y ≥ 3]y + 1
y

(2)

+ P[Yt − Yt+1 = 2|Ft, Yt = y ≥ 3]y + 1
y − 1 . (3)

Since the probabilities must sum to one, and the coefficient of the term corresponding to the
event with no change is minimal, we obtain for all t < n logn,

≤ 1 − 2y(1 + γ)(n− y)
n(n− 1) − y(1 + γ)(y − 1)

n(n− 1) + 2(y + 1)(1 + γ)(n− y)
n(n− 1) + (1 + γ)(y + 1)y

n(n− 1)

≤ 1 + 2(1 + 2γ)
n

.

We now apply Theorem 2 of [36], to obtain that, for any η > 0 small,

P
[
Tconnect <

(1 − η)n logn
2

]
≤

(
1 + 2(1 + 2γ)

n

) (1−η)n log n
2

· elog 3−log dn+1

≤ 3
d
n(1−η)(1+2γ)−1

≤ 3
d
n2γ−η−2ηγ .
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Taking γ < η
2 gives us that with probability 1 − o(1) there is at least one member of B, that

has not been included in an edge after (1−α)
2(1+α)n logn and before (1−α)

2(1+α)n logn+ 1−η
2 n logn.

However, we also know that with probability 1 − o(1) there are at least dn blocker vertices.
Therefore, by construction, with probability 1 − o(1), B only contains blocker vertices. A
union bound over the probability of failure gives the claim. ◀

The main claim follows immediately from this, the consolidation of constant terms and the
observation that if there is at least one blocker vertex that has not received an edge, there
must be at least one set that has not yet doubled its size. ◀

6.3 Tidying Up
In this section, we prove our main theorem on the doubling time in the continuous model. In
order to achieve this we will convert our upper and lower bounds on the order discretization
of a sample from the continuous model back to the undiscretized version. This is made quite
easy by the strong concentration of the number of labels occurring within a given interval.
In fact, since ψ is degenerate we obtain the ever pleasant binomial distribution. We are able,
therefore, to obtain the following simple precursor, showing that with high probability the
number of labels appearing in the initial interval is highly concentrated.

▶ Lemma 30. For α, β > 0 with β small, the following holds, for any G = (V,E, λ),

P

[∑
e∈E

|λO
[0, α log n

r(n−1) ](e)| ≤ α(1 − β)n logn
2

]
= o(n−1).

Similarly,

P

[∑
e∈E

|λO
[0, α log n

r(n−1) ](e)| ≥ α(1 + β)n logn
2

]
= o(n−1).

The proof of the result itself is then simply an application of Lemma 30 to the bounds implied
by Lemma 28 and Lemma 26.

Proof of Theorem 13. It follows from Lemma 26, Lemma 28 and a union bound that for
any ϵ > 0,

P[(1 − ϵ)n logn < Double(GO) < (1 + ϵ)n logn] = 1 − o(1).

Furthermore, we know from Lemma 30 that for any δ > 0 the (1 − ϵ)n lognth label falls after
2(1−δ)(1−ϵ) log n

r(n−1) and that the (1+ϵ)n lognth labels falls before 2(1+δ)(1+ϵ) log n
r(n−1) with probability

1 − o(1). Thus taking a union bound over the failure probabilities, and α > δ + ϵ+ δϵ, we
obtain the claim. ◀
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