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Abstract. Graph colouring is a fundamental problem for networks,
serving as a tool for avoiding conflicts via symmetry breaking, for ex-
ample, avoiding multiple computer processes simultaneously updating
the same resource. This paper considers a generalisation of this problem
to temporal graphs, i.e., to graphs whose structure changes according to
an ordered sequence of edge sets. In the simultaneous resource updating
problem on temporal graphs, the resources which can be accessed will
change, however, the necessity of symmetry breaking to avoid conflicts
remains.
In this paper, we focus on the problem of maintaining proper colour-
ings on temporal graphs in general, with a particular focus on bipartite
colourings. Our aim is to minimise the total number of times that the
vertices change colour, or, in the form of a decision problem, whether
we can maintain a proper colouring by allowing not more colour changes
than some given budget. On the negative side, we show that, despite
bipartite colouring being easy on static graphs, the problem of main-
taining such a colouring on graphs that are bipartite in each snapshot
is NP-Hard to even approximate within any constant factor unless the
Unique Games Conjecture fails. On the positive side, we provide an exact
algorithm for a temporal graph with n vertices, a lifetime T and at most
k components in any given snapshot in O(T |E|2k + nT22k) time, and
an O

(√
log(nT )

)
-factor approximation algorithm running in Õ((nT )3)

time.
Our results contribute to the structural complexity of networks that
change with time with respect to a fundamental computational prob-
lem.
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1 Introduction

Graph colouring is one of the most fundamental questions in graph theory. In-
formally, this problem asks for an assignment of colours from a palette, normally
represented by a set of integers 1, 2, . . . , C, such that no two adjacent vertices
share a colour. This has many applications, particularly in networks where coor-
dination is needed between various agents to avoid conflicts, for example, avoid-
ing system resources being updated simultaneously. Given the broad applicabil-
ity of this problem, there is a large body of work for both centralised [6, 14] and
distributed [7–9] computing. See [12] for an overview of several applications.

In this paper, we introduce and study a new generalisation of this problem
to temporal graphs, graphs formed by a sequence of snapshots, with changing
edgesets over a constant set of vertices. In our variant, the goal to construct a
sequence of colourings such that each snapshot is properly coloured, while min-
imising the number of changes between snapshots. This allows us to capture
the problems of avoiding conflicts between neighbouring vertices, while also in-
corporating the changing nature of temporal graphs. To date, there has been a
reasonable body of work on colouring temporal graphs [1, 5, 10, 13, 15, 16], with
the primary, but by no means exclusive, focus being on sliding window colour-
ings, colourings where each edge is properly coloured at least once within each
window.

In this paper, we focus primarily on bipartite graphs, graphs which can be
coloured with a palette of size two, traditionally {0, 1}. Our primary reason for
this focus is that the problem of maintaining a colouring for any palette of size
three or greater is trivially NP-hard, from the general problem of 3-colouring
graphs. On the other hand, finding a bipartite colouring can be done in time
linear relative to the number of edges, making this setting far more interesting
from a technical standpoint.

We mention some of the other results on generalisations of the colouring
problem to temporal graphs. First is the work by Yu et al. [16], who study a
similar definition to ours, with the objective of minimising the sum C+αA where
C is the palette size, A is total number of changes, and α is some parameter
chosen by the user. The authors study six colouring algorithms, providing both
an experimental comparison and explicit classes in which the algorithms perform
best. We note that, unlike this work, they do not provide constraints on the size of
the palette, and while their formulation remains NP-hard, the reduction follows
explicitly from the hardness of the colouring problem in general, without any
reference to bipartite graphs. More recent is the work by Mertzios et al. [15]
on sliding window colourings, who showed that the problem of finding such a
colouring is NP-hard even in several restricted classes, while also providing strong
FPT results for finding such colourings in general. This work was built upon by
Marino and Silva [13], who study parameters under which such a colouring can
be found in polynomial time, specifically relating to how frequent, and for how
long, each edge is active.
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Our Contribution. We show that the problem of maintaining a colouring when
restricted to bipartite graphs occupies an interesting position in terms of com-
plexity. Determining whether there exists a colouring that does not require any
vertex to be recoloured in any snapshot can be done in linear time, however, de-
termining the minimum number of changes needed for any non-trivial instance
is NP-hard. On the positive side, for a temporal graph with n vertices and
a lifetime (number of discrete snapshots) T , we present an algorithm that is a
fixed-parameter tractable in the maximum number k of connected components in
each snapshot, running in O(T |E|2k+nT22k) time, and an approximation algo-
rithm with a factor of O

(√
log(nT )

)
running in Õ((nT )3) time, where Õ(f(n))

denotes complexity ignoring polylogarithmic factors. To complete the picture,
we prove that, for every C ≥ 3, it is NP-hard even to determine whether there
exists a C-colouring with recolouring cost zero, i.e., a C-colouring that does not
require any vertex to be recoloured in any snapshot.

2 Preliminaries

We denote by [i] the ordered sequence of integers 1, 2, . . . , i, and by [i, j] the
sequence i, i + 1, . . . , j, for any i, j ∈ Z, i ≤ j. We define a temporal graph
by an ordered sequence of snapshots, each of which is a graph over a common
set of vertices. Formally, let G be a temporal graph, then G = G1, G2, . . . , GT
where Gt = (V,Et). We call the number of snapshots, by convention denoted
T , the lifetime of the temporal graph, and Gt the tth snapshot of the temporal
graph. Where confusion may arise, we refer to non-temporal graphs as static
graphs. The underlying graph of a temporal graph, G, denoted U(G), is the
static graph formed by the union of all edge sets in the temporal graph, i.e.,
U(G) =

(
V,

⋃
t∈[T ]Et

)
.

Given a vertex v ∈ V in a temporal graph G, we denote by Nt(v) the set of
neighbours of v in the snapshot Gt = (V,Et), formally Nt(v) = {u ∈ V | (v, u) ∈
Et}. The degree of a vertex v in the snapshot Gt, denoted degt(v), is the number
of neighbours of v in Gt, formally degt(v) = |Nt(v)|. We ommit the subscript
denoting snapshot for both the set of neighbours and degree of a vertex in a
static graph, thus N(v) denotes the set of neighbours, and deg(v) = |N(v)| the
degree. Given multiple static graphs, we denote by NG(v) (resp., degG(v)) the
set of neighbours (resp. degree) of v in the graph G. A component in a static
graph G = (V,E) is a subgraph K = (VK , EK) such that ∀v ∈ VK , N(v) ⊆ VK
and EK = E ∩ (VK × VK).

We define a colouring of a graph as a function ψ : V 7→ [0, C − 1] for some
palette size C. We call a colouring over a palette of size C a C-colouring. A
2-colouring, as studied in this paper, is called bipartite, assigning to each vertex
a colour in the set {0, 1}. A colouring of the (static) graph G = (V,E) is proper
if, given any edge (v, u) ∈ E, we have ψ(v) ̸= ψ(u). An edge (v, u) is called
monochrome if ψ(v) = ψ(u). For the remainder of this paper, we assume by
default that any given colouring is proper unless explicitly stated to be otherwise.
We denote by ϕC(G) the set of all proper C-colourings of a given static graph G.
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We define a temporal sequence C-colouring of a temporal graph of lifetime T
as a sequence of T proper C-colourings, Ψ = ψ1, ψ2, . . . , ψT . We denote by ΦC(G)
the set of all temporal sequence C-colourings of the temporal graph G. The cost
of a temporal sequence colouring, denoted Cost(Ψ), is the total number of colour
changes of each vertex over the lifetime of the graph. Formally,

Cost(Ψ) =
∑
v∈V

∑
t∈[T−1]

{
0 ψt(v) = ψt+1(v)

1 ψt(v) ̸= ψt+1(v)
.

A minimum cost temporal sequence C-colouring of a temporal graph G is
a temporal sequence C-colouring Ψ ∈ ΦC(G) such that Cost(Ψ) ≤ Cost(Ψ ′),
∀Ψ ′ ∈ ΦC(G). The primary problem we study in this paper is Temporal Re-
colouring. As a decision problem, we ask whether there exists a temporal
sequence C-colouring of a given temporal graph G with a cost of at most some
given budget B ∈ N. In the optimisation version of the problem, we are not given
B along with the input, but we rather aim at computing the cost of a minimum
cost temporal sequence colouring.

Temporal Recolouring (TRec)

Input: A temporal graph G, a palette of size C ∈ N, and budget B ∈ N.
Question: Does there exist a temporal sequence C-colouring Ψ : V × [T ] 7→

[C] such that Cost(Ψ) ≤ B?

Furthermore, whenever the size C of the palette in the problem TRec is a
constant (and not part of the input), we refer to the problem as C-TRec.

2.1 Non-Bipartite Temporal Sequence Colourings

Before presenting our main results, we make a small number of observations
on some general properties of temporal sequence colourings for non-bipartite
graphs. First, we justify our focus on bipartite colourings with the following:

Observation 1 TRec is NP-Hard for any C ≥ 3.

Note that this follows from the hardness of finding a 3-colouring in static
graphs. We extend to the more complex setting of ∆ + 1 colourings, where
∆ represents the maximum degree of any vertex in any snapshot, i.e. ∆ =
maxv∈V maxt∈[T ] degt(v). Unlike a 3-colouring a (∆+1)-colouring can be found
in O(|E|) time for any given static graph G = (V,E), and thus admits a less
trivial proof of hardness.

Proposition 1. For every C ≥ 3, it is NP-hard to determine whether the mini-
mum cost of a temporal sequence C-colouring of a temporal graph G is zero, even
when every vertex has degree at most 1 in every snapshot.

Proof. Let G = (V,E) be a static graph, and let m = |E| be the num-
ber of its edges and C ≥ 3 be arbitrary. We construct a temporal graph
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G = G1, G2, . . . , Gm, where every snapshot has exactly one of the edges of G.
Now, observe that no vertex can have a degree greater than 1 in any given snap-
shot. Furthermore, note that there exists a temporal sequence C-colouring in this
graph with a cost of 0 if and only if there exists a C-colouring of G. Therefore,
since C ≥ 3, this problem is NP-hard. ⊓⊔

We note that Proposition 1 does not directly apply to bipartite graphs, as
we can determine if a zero-cost temporal 2-colouring exists in linear time by
determining if the underlying graph is bipartite. Thus, our results in the following
sections are directly motivated in closing this bound.

3 Hardness Results for Bipartite Colourings

Our first major result is in showing that the TRec is NP-hard and hard to ap-
proximate (subject to specific plausible computational complexity assumptions),
even when every snapshot only consists of a disjoint union of paths (see The-
orem 1). For the proof of Theorem 1 we present a reduction from the problem
MinUnCut, which is the dual problem of MaxCut:

MinUnCut
Input: A (static) graph G = (V,E).
Task: Partition the vertex set V of H into two colour-classes such that

the number of monochromatic edges in E is as small as possible.

It is known that MinUnCut is NP-hard and that it is known that there
does not exist any polynomial-time constant approximation algorithm unless the
Unique Games Conjecture fails [11]. Note that MinUnCut can be reformulated
as the problem of maximising the number of satisfied clauses in a 2SAT instance,
where we have a variable bv for every vertex v ∈ V , and a clause (bv∧bu) for every
edge (v, u) ∈ E, with the goal of finding an assignment of variables minimising
the number of unsatisfied clauses.

Theorem 1. TRec is NP-hard, even when C = 2, G consists of a disjoint
union of paths at every time step, and the lifetime of G is 2. Further, there is
no polynomial-time constant approximation algorithm unless the Unique Games
Conjecture fails.

Construction. From an input instance H of MinUnCutwith n vertices
v1, . . . , vn and m edges, we build the temporal graph G = G1, G2, as follows.
For every i = 1, . . . , n denote by di the number of neighbours degH(vi) of vi in
the graph H. At a high level, we represent each vertex by a set of 2di−1 vertices,
connected in G1 to form a vertex gadget. In G2, we replace the vertex gadgets
with edge gadgets. We represent the colours of the vertices of H by the initial
colouring of the vertex gadgets. We now provide the explicit construction.

The vertex gadget of each vertex vi is a path with 2di−1 vertices. The vertex
set of G consists of these

∑n
i=1(2di − 1) = 4m − n vertices. The vertices of the
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vertex gadget of vi are denoted a1i , b1i , . . . , a
di−1
i , bdi−1

i , adii , as shown in Figure 2,
where the edges of this path are {(aji , b

j
i ), (a

j
i , b

j+1
i )|j = 1, . . . , di − 1}. Note

that for every 2-colouring of this (static) vertex gadget, all vertices a1i , . . . , a
di
i

are coloured with one colour and all vertices b1i , . . . , b
di−1
i are coloured with the

other colour. Our first snapshot, G1, corresponds exactly to the set of variable
gadgets.

a1i a2i a3i adi−1
i adii

b1i b2i b3i bdi−2
i bdi−1

i

. . .

Fig. 1:

Fig. 2: The variable gadget for vertex vi.

In the second snapshot G2, we remove all edges from all variable gadgets
and, for each edge of the input graph H, we add one edge to G2, as follows. For
every vertex vi in the input graph H, we arbitrarily enumerate its edges. Let
now (vi, vj) ∈ E be an edge of H, which is the pth edge of vertex vi and the qth
edge of vertex vj , where 1 ≤ p ≤ di and 1 ≤ q ≤ dj . Then, we add to G2 the
edge (api , a

q
j). That is, the second snapshot G2 is a matching of m edges. This

completes the construction of the temporal graph G = (G1, G2).

Lemma 1. Given an instance H = (V,E) of MinUnCut with m edges, the
temporal graph G admits a 2-colouring with a cost at most k if and only if there
exists a partition of V into two colour classes such that there are at most k
monochromatic edges in E.

Proof. (⇐) Let (A,B) be a partition of V into two colour classes such that
there are at most k monochromatic edges in the colouring induced by (A,B) on
H, i.e, |E ∩ (A × A)| + |E ∩ (B × B)| ≤ k. In the first snapshot G1, for every
i = 1, . . . , n, we assign colours to the vertices of the vertex gadget as follows:
if vi ∈ A, we assign colour 1 to vertices a1i , . . . , a

di
i and colour 0 to vertices

b1i , . . . , b
di−1
i . If vi ∈ B, we assign colour 0 to vertices a1i , . . . , a

di
i and colour 1 to

vertices b1i , . . . , b
di−1
i .

Consider now an arbitrary edge (vi, vj) of H, which is the pth edge of vi and
the qth edge of vj . If vi and vj belong to different colour classes in H (i.e., if
either vi ∈ A and vj ∈ B, or vi ∈ B and vj ∈ A), then the edge (vi, vj) is
not monochromatic in H, and the edge (api , a

q
j) is also properly coloured in G2.

Otherwise, if both vi and vj belong to the same colour class of H (i.e., if either
vi, vj ∈ A or vi, vj ∈ B) then the edge (vi, vj) is monochromatic in H; in this
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case, we flip the colour of vertex api in G2, such that the edge (api , a
q
j) becomes

properly coloured in G2.
Therefore, if with the vertex partition (A,B) we have t ≤ k monochromatic

edges in H, then in the transition from G1 to G2 we recolour exactly t vertices.
Therefore, we constructed a proper temporal sequence colouring of G with a
palette C = {0, 1} and cost at most k.

(⇒) Let Ψ be a minimum cost temporal sequence colouring of G with a palette
C = {0, 1} and cost at most k. By the construction of G, for every i = 1, . . . , n,
all vertices a1i , . . . , a

di
i are coloured with the same colour in G1. We define from

the temporal sequence colouring Ψ a vertex partition (A,B) of the input graph
H as follows. For every i = 1, . . . , n, we add vi to A (resp. to B) if the vertices
a1i,1, . . . , a

di
i,1 are coloured 1 (resp. 0) in G1.

Consider an arbitrary edge api a
q
j of the second snapshot G2. By the construc-

tion of G, this edge corresponds to the edge (vi, vj) of H which is the pth edge
of vi and the qth edge of vj . First, suppose that, in the transition from G1 to G2

in G, the colouring Ψ recolours neither api nor aqj . Then, by the construction of
the vertex partition (A,B) of H, the edge (vi, vj) is not monochromatic in the
partition (A,B). That is, either vi ∈ A and vj ∈ B, or vi ∈ B and vj ∈ A. Now
suppose that, in the transition from G1 to G2 in G, the colouring Ψ recolours
one of the vertices api or aqj . Then, by the construction of the vertex partition
(A,B) of H, the edge (vi, vj) is monochromatic in the partition (A,B). That is,
either vi, vj ∈ A or vi, vj ∈ B.

Therefore, if the minimum cost temporal sequence colouring Ψ of G has cost
t ≤ k, then in the vertex partition (A,B) of H we have exactly t ≤ k monochro-
matic edges. This completes the proof. ⊓⊔

4 O
(√

log(nT )
)
-Approximation

We now present our first positive algorithmic contribution in the form of an algo-
rithm to find an O

(√
log(nT )

)
approximation of the minimum budget needed

to maintain a bipartite colouring. Recall that we can determine if there exists a
zero-cost colouring in O

(∑
t∈[T ] |Et|

)
time by checking if the underlying graph

is bipartite. Thus, our algorithm is a “true” approximation in that it returns a
non-optimal budget if and only if there is no solution where the budget is zero.

Our approximation itself stems from the O
(√

log(n)
)
-approximation of the

MinUnCut problem due to Agarwal et al. [2], computable in Õ(n3) time due
to Arora et al [4], where Õ(n3) = O(n3 logc n) for some constant c.

Our approach is to formulate the problem of finding a minimum budget
temporal sequence 2-colouring of a temporal graph G as a MinUnCut instance,
allowing this approximation algorithm to be applied directly.

Formulation. The high-level idea behind our formulation is to construct an
auxiliary static graph α(G) = (Vα, Eα) such that the number of monochro-
matic edges in a partition of Vα corresponds to at most twice the cost of
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some temporal sequence colouring. The vertex set Vα contains a new vertex
for each vertex in V = {v1, v2, . . . , vn} and snapshot G1, G2, . . . , GT , formally
Vα = {vi,t | i ∈ [n], t ∈ [T ]}, where vi,t represents the vertex vi in snapshot Gt.
We define our edge set Eα by two subsets, C and S. The set C connects vertices
between snapshots, which we use to represent the cost of changing the colour of
a given vertex. Formally, C = {(vi,t, vi,t+1) | ∀vi ∈ V, t ∈ [T − 1]}.

The set S represents the components in the temporal graph within the
new static graph. Given a component K containing the set of vertices VK =
{v1, v2, . . . , vm} in Gt and 2-colouring ψ of K, we add the edge (vi,t, vj,t) to S
for every pair vi, vj ∈ VK where ψ(vi) ̸= ψ(vj). This way, if (vi,t, vj,t) ∈ S, then
ψt is a proper colouring of Gt only if ψt(vi) ̸= ψt(vj).

Lemma 2. Let Ψ be a temporal sequence 2-colouring of the temporal graph
G = (G1, G2, . . . , GT ). Then, there exists a 2-colouring of α(G) with Cost(Ψ)
monochromatic edges.

Proof. We define our 2-colouring on α(G) by a pair of sets A and B, constructed
as follows. Given a vertex vi and snapshot Gt, we assign vi,t to the set A if
(ψt(vi) + t) mod 2 ≡ 0, and to set B otherwise. We use this construction so
that if ψt(vi) = ψt+1(vi), then either vi,t ∈ A and vi,t+1 ∈ B, or vi,t ∈ B and
vi,t+1 ∈ A. Otherwise, if the colour of vi changes between snapshots, we have
vi,t, vi,t+1 ∈ A or vi,t, vi,t+1 ∈ B.

Observe that, as ψt is a proper colouring of Gt, we have that, for any edge
(vi, vj) ∈ Et, ψt(vi) ̸= ψt(vj), thus either vi,t ∈ A and vj,t ∈ B, or vi,t ∈ B and
vj,t ∈ A. Similarly, if (vi,t, vj,t) ∈ Eα and (vi, vj) /∈ Et, then vi and vj are in the
same component in Gt, with the condition that they must belong to different
colour classes of any bipartite colouring of the component. Hence, (vi, vj) can
not form a monochromatic edge in Vα without contradicting the assumption that
ψt is a proper colouring of Gt.

Therefore, any monochromatic edge in the colouring on α(G) induced by the
partition A and B must be of the form (vi,t, vi,t+1), for some t ∈ [T −1]. Further,
by construction, (vi,t, vi,t+1) will be a monochromatic edge in α(G) if and only
if ψt(vi) ̸= ψt+1(vi). Thus, the total number of monochromatic edges in this
partition is exactly equal to the cost of Ψ . ⊓⊔

Lemma 3. Let G = (G1, G2, . . . , GT ) be a temporal graph and let A,B be a
partition of Vα inducing at most C monochromatic edges in α(G). Then, there
exists a temporal sequence colouring Ψ of G with a cost of at most 2C.

Proof. We initially set ψt(vi) to 0 if either vi,t ∈ A and t mod 2 ≡ 0, or vi,t ∈ B
and t mod 2 ≡ 1. Otherwise, we set ψt(vi) to 1. Note this matches the construc-
tion used in Lemma 2 to create a partition from the colouring, with the same
property that a vertex changes colours between snapshots if and only if there
is a corresponding monochromatic edge in the partition of the auxiliary graph.
Therefore, given a monochromatic edge in the partition of Vα between some
pair of vertices of the form (vi,t, vi,t+1), vi changes colour in the corresponding
colouring, and thus the colouring has an associated cost of 1 for each such edge.
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Now, consider some component K with the vertex set VK = {v1, v2, . . . , vm}
in snapshot Gt such that K is not properly coloured by our initial assign-
ment. Further, let k be the number of monochromatic edges between the ver-
tices {v1,t, v2,t, . . . , vm,t}. We partition K into the sets KA and KB where
KA = {vi | ψ(v1) = ψ(vi) and (v1,t, vi,t /∈ Eα)} ∪ {vi | ψ(v1) ̸= ψ(vi) and
(v1,t, vi,t ∈ Eα)}, and KB = K \ KA. Observe that the set of vertices KA are
properly coloured with respect to v1,t, and thus each other, while the set of ver-
tices are improperly coloured relative to v1,t, and thus properly coloured with
respect to each other. Therefore, to convert this into a proper colouring, we can
“flip” the colours of the vertices in either KA or KB , setting ψt(vi) to 0 if it was
originally 1, or 1 if it was originally 0, for each vi in the flipped set.

To determine the corresponding cost of this new colouring, we now show
that min(|KA|, |KB |) ≤ k. First, assume that there exists a pair of vertices
v1,t, v2,t ∈ KA such that (v1,t, v2,t) ∈ Eα. Then, for every vertex vi ∈ KB , there
must be at least one monochromatic edge to either v1,t or v2,t in the original
partition of Vα. Thus, in this case |KB | ≤ k. Otherwise, if no such pair exists,
then {vj,t ∈ K | (v1,t, vj,t) ∈ Eα} ⊆ KB and, by extension, there exists some
vertex vi,t ∈ KB such that, ∀vj,t ∈ KA, (vi,t, vj,t) is monochromatic, and thus
|KA| ≤ k, completing the claim.

Note that for each vertex vi where the colour is changed when flipping the
colours in either KA or KB we add at most two changes to vi in Ψ , corresponding
to potentially changing vi between snapshots t− 1 and t, and t and t+1. Thus,
recolouring this component adds a cost of at most 2k and therefore the final
colouring has a cost of at most 2C. ⊓⊔

Theorem 2. Given an always-bipartite temporal graph G with a lifetime T and
n vertices we can find a temporal sequence 2-colouring Ψ = ψ1, ψ2, . . . , ψT such
that Cost(Ψ) that is at most a factor of O

(√
log (nT )

)
greater than the mini-

mum budget of any such colouring in Õ((nT )3) time.

Proof. Let Ψ ′ be some minimum cost temporal 2-colouring of G and observe
that, per Lemmas 2 and 3, 2M ≥ Cost(Ψ ′) ≥ M , where M minimum number
of monochromatic edges in α(G). By the results of Agarwal et al. [2], and Arora
et al. [4], we can find a partition of α(G) with M ′ monochromatic edges, where
M ′ is a factor of at most O

(√
log(nT )

)
more than M . From Lemma 3, we can

convert this assignment to a temporal 2-colouring Ψ of G that requires a budget
of at most 2M ′. Thus, 2M ′ ≥ Cost(Ψ) ≥ Cost(Ψ ′) ≥ M , hence Cost(Ψ) is a
factor of at most O

(√
log(nT )

)
greater than Cost(Ψ ′), giving the bound on

the approximation factor. To get the time complexity, observe that we can find,
by Arora et al. [3], a soloution to any MinUnCutinstance in Õ(m3), where m
is the number of vertices in the input instance, in our case nT , giving a time
complexity of Õ((nT )3). ⊓⊔
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5 Parameterised Algorithm for Bipartite Colourings

Finally, we provide an algorithm for finding the optimal 2-temporal sequence
colouring parameterised by the maximum number k of connected components in
any given snapshot. Our algorithm works in a dynamic manner, computing the
2k×T sized table, B, indexed by the set of potential 2-colourings of G and the set
of timestamps, [T ]. Formally, let G = G1, G2, . . . , GT be a temporal graph such
that each snapshot contains at most k connected components. Observe that, for
a bipartite graph with at most k components, ϕC(G) ≤ 2k, corresponding to the
two unique ways of colouring each component. We use the following observation
to aid in the construction of the table B and for determining the time complexity.

Observation 2 The set of all bipartite colourings of a graph G = (V,E), ϕC(G)
with at most k components can be output in O(|E|2k) time.

Algorithm. Let B be a table of size 2k × T such that B[ψ, t] is the minimum
budget needed to have a graph with the colouring ψ in snapshot Gt, for any
ψ ∈ ϕC(Gt) and t ∈ [T ]. As a base case, we set B[ψ, 1] to 0, for every ψ ∈ ϕ(G1).
For t ∈ [2, T ], the value of B[ψ, t] is determined from the set of colourings of
Gt−1 by looking for the colouring ψ′ of G minimising B[ψ′, t−1]+Cost((ψ′, ψ)),
formally:

B[ψ, t] = min
ψ′∈ϕC(Gt−1)

B[ψ′, t− 1] + Cost(ψ′, ψ).

We provide pseudocode for computing the table B in Algorithm 1, and for
converting the table B into a temporal sequence colouring in Algorithm 2.

Lemma 4. The value of B[ψ, t] can be computed in O(n2k) time, assuming the
value of B[ψ′, t− 1],∀ψ′ ∈ ϕC(Gt−1) has been precomputed.

Proof. Observe that the minimum cost of any temporal sequence colouring Ψ =
ψ1, ψ2, . . . , ψt such that ψt = ψ for the given colouring ψt can be determined by
finding the colouring ψ′ of Gt−1 such that there exists a temporal colour Ψ ′ =
ψ′
1, ψ

′
2, . . . , ψ

′
t−1 such that ψ′

t−1 = ψ′ and B[ψ′, t − 1] + Cost(ψ′, ψ) is minimal
amongst all colourings of Gt−1. As there are at most 2k colourings of Gt−1, and
we can compute Cost(ψ′, ψ) in O(n) time, we can find minψ′∈ϕC(Gt−1)B[ψ′, t−
1] + Cost(ψ′, ψ) from B in O(n2k), we get the claim. ⊓⊔

Theorem 3. The minimum cost of any temporal sequence 2-colouring on the
temporal graph G = G1, G2, . . . , GT where no snapshot contains more than k
components can be computed in O(T |E|2k + nT22k) time.

Proof. From Lemma 4 we can compute each entry in B in O(n2k) time, pro-
vided we only compute B[ψ, t] once B[ψ′, t − 1] has been computed for all
ψ′ ∈ ϕC(Gt−1). As there are O(T2k) entries in B, and we can output the set
of all entries in O(T |E|2k), we get a total complexity of O(T |E|2k + nT22k) for
computing the full table B. Once the table B has been computed, we can deter-
mine the minimum cost colouring of G in O(2k) by finding minψ∈ϕC(GT )B[ψ, T ],
concluding the proof. ⊓⊔
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Algorithm 1 Bipartite Colouring Cost Table Algorithm
procedure ColourCostTable(G = (G1, G2, . . . , GT ))

k ← maxt∈T |Components(Gt)|
B ← Empty 2k × T Table
Ψ ← Empty Temporal Sequence Colouring
B[1, ψ]← 0, ∀ψ ∈ ϕC(G1)
for t ∈ [2, T ] do

for ψ ∈ ϕC(Gt) do ▷ Iterate over the set of all colourings of the graph Gt.
B[ψ, t]←∞ ▷ Add a place holder value for B[ψ, t].
for ψ′ ∈ Ψ(Gt−1) do ▷ Iterate over the set of all colourings of Gt−1.

if B[ψ′, t− 1] + Cost(ψ,ψ′) < B[ψ, t] then
B[ψ, t]← B[ψ′, t− 1] + Cost(ψ,ψ′)

end if
end for

end for
end for
return B

end procedure

Note that Theorem 3 thus gives an O(T |E|) time algorithm when the number
of components is constant in each round, most notably when the graph is always
connected. Finally, we make a brief observation on the complexity of determining
a minimum-cost temporal 2-colouring from the table B.

Proposition 2. We can determine a temporal 2-colouring of the temporal graph
G = G1, G2, . . . , GT in O(T |E|2k + nT22k)

Proof. Let Ψ = ψ1, ψ2, . . . , ψT be the temporal sequence colouring, and let B
be the table as computed in Theorem 3. We work from the colouring ψT such
that B[ψT , T ] = minψ′∈ϕC

B[ψ′, T ]. We determine the value of ψt, for every
t ∈ [T − 1], from the value of ψt+1 by finding a colouring ψ such that B[ψ, t] +
Cost(ψ,ψt+1) = B[ψt+1, t + 1], which can be done in O(n2k) time in a brute
force manner, giving the bound. ⊓⊔

6 Conclusion

In this paper, we have introduced and studied the problem of maintaining a
temporal sequence colouring, with a focus on two colourings of bipartite graphs.
In doing so, we have provided a strong analysis of the complexity landscape of
this problem, including hardness results, a fixed parameter tractability result for
the number of components, an O

(√
log(nT )

)
-factor approximation algorithm,

and a hardness of constant factor approximation.
There are two natural directions in which to continue this work. The first

is to extend the algorithmic results, most naturally the approximation result,
to colourings with a larger palette size. It seems likely that a polynomial-time
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Algorithm 2 Bipartite Colouring Algorithm
procedure Colouring(G = (G1, G2, . . . , GT ))

B ← ColourCostTable(G)
Ψ = (ψ1, ψ2, . . . , ψT )← (∅, ∅, . . . , ∅)
for ψ ∈ ⊖(GT ) do

if ψT = ∅ or B[ψ, T ] < B[ψT , T ] then
ψT ← ψ

end if
end for
for t ∈ T − 1, T − 2, . . . , 1 do

for ψ ∈ ⊖(Gt) do
if C[ψ, t] + Cost(ψ,ψt+1) = B[ψt+1, t+ 1] then

ψt ← ψ
break

end if
end for

end for
return Ψ

end procedure

algorithm can be found with a similar approximation factor for maintaining
degree + 1 colourings in general, where degree here refers to the maximum
degree of any vertex in any snapshot. On one hand, as with bipartite graphs,
these can be determined in linear time relative to the number of edges, avoiding
the natural problems due to the hardness of the colouring problem in general.
On the other hand, unlike with bipartite graphs, the same freedom may preclude
the same techniques used here for our approximation results.

The second direction is to improve the approximation bound. While a con-
stant factor approximation bound has been ruled out unless the unique games
conjecture fails, it is still possible that an improvement can be found in gen-
eral, or for some particular classes of graphs. In particular, as our construction
requires the use of long paths, the question of approximation remains open for
temporal graphs in which each timestep is a matching.
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