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• Design a compact data structure (a.k.a. oracle) that
• Stores some information about a temporal graph
• Can quickly answer to specific temporal path queries

• Two scenarios
1. Static: the temporal graph does not change
2. Dynamic: the temporal graph is subject to specific updates

Design oracles with good tradeoffs among 

size, query time, and update time (only if dynamic)

Goal of this talk



Temporal graph
• undirected graph
• each edge 𝑒 has a set 𝜆(𝑒) of integer time labels
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Temporal graph model

All the results we will see can be adapted to strict temporal paths 

departure time: 1

duration = arrival time – departure time = 6 − 1 = 5
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Earliest Arrival 𝐸𝐴(𝑢, 𝑣, 𝑑)
Minimum arrival time of a temporal 𝑢 − 𝑣 path with departure time ≥ 𝑑
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1. TR queries are no more difficult than EA/LD/MD queries

• 𝑇𝑅 𝑢, 𝑣, 𝑑, 𝑎 ≡ (𝐸𝐴 𝑢, 𝑣, 𝑑 ≤ 𝑎)

• 𝑇𝑅 𝑢, 𝑣, 𝑑, 𝑎 ≡ (𝐿𝐷 𝑢, 𝑣, 𝑎 ≥ 𝑑)

• 𝑇𝑅 𝑢, 𝑣, 𝑑, 𝑎 ≡ (𝑀𝐷 𝑢, 𝑣, 𝑑, 𝑎 ≤ 𝑑 − 𝑎)

2. EA queries ≡ LD queries

Useful observations
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Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions only in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions only in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions only in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work

• Brito, Albertini, and Travençolo, arXiv 2021: oracle optimized for external memories
• Brito, Albertini, Travençolo, and Navarro, The Computer Journal 2024: compact 

representation in practice



Surprisingly, we found only a few papers published on the topic

• Brito, Albertini, Casteigts, and Travençolo, Social Network Analysis and Mining 2021: 
Oracle for DYNAMIC temporal directed graphs
• Maintain the Timed Transitive Closure, i.e., non-dominated 4-tuples (𝑢, 𝑣, 𝑑, 𝑎) meaning 

«There is a 𝑢 − 𝑣 temporal path with departure time 𝑑 and arrival time 𝑎» 
• Size is 𝑂(𝑛2𝜏)
• TR queries in 𝑂(log 𝜏) time
• Time-label insertions in 𝑂(𝑛2 log 𝜏) time amortized

Results hold for uniform latencies, time labels are pairs (𝑡, ℓ), where ℓ ≥ 0 is the latency

• 𝑛 = # vertices

• τ = 𝑒ڂ| 𝜆(𝑒) | is lifetime

State of the art prior to our work

• Brito, Albertini, and Travençolo, arXiv 2021: oracle optimized for external memories
• Brito, Albertini, Travençolo, and Navarro, The Computer Journal 2024: compact 

representation in practice



• The tradeoffs for STATIC trees are asymptotically tight under the STRONG SET DISJOINTNESS CONJECTURE

• Edge updates in a forest of rooted trees
• Edge deletion: delete an edge (𝑝𝑎𝑟𝑒𝑛𝑡(𝑣), 𝑣) having only one time label (𝑣 is the root of the new formed tree)
• Edge addition: add edge (𝑢, 𝑣) with time label ℓ (𝑣 must be the root of the absorbed tree)

• If we add latencies to forests of rooted trees
• Uniform latencies: same trade-offs
• Non-uniform latencies

• Incremental and decremental scenarios
• same trade-offs, but update time bounds become amortized

[1] B., Gualà, Leucci, Proietti, and Straziota, ALGOWIN 2025

[2] B., Gualà, Leucci, Proietti, and Straziota, ISAAC 2024Our contribution
• 𝑀 = σ𝑒 |𝜆 𝑒 |

• 𝐿 = max
𝑒

|𝜆 𝑒 |

Size
Time of supported queries

Time of supported updates
(both insertions and deletions)

TR EA/LD MD Time-labels Singletons Edge

(STATIC)
Trees [1]

Choose 𝑡 > 0
𝑂(𝑀 +𝑀2/𝑡2)

NO NO 𝑂(𝑡 log(1 + 𝐿)) NO NO NO
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The conditional LB of oracles supporting MD queries
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SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».



The conditional LB of oracles supporting MD queries

1 2 3 4 5 6

𝑆1 𝑆2

𝑆3

𝑆4

SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».

STRONG SET DISJOINTNESS CONJECTURE [Goldstein, Lewenstein, Porat, ISAAC 2019]: 

Any oracle that can answer to a query in worst-case time 𝑡 requires ෩Ω(𝑁2/𝑡2) space.



1,2

The conditional LB of oracles supporting MD queries

𝑣1 𝑣2 𝑣3 𝑣4

1 2 3 4 5 6

𝑆1 𝑆2

𝑆3

𝑆4

4,5,62,3 5,6

SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».

STRONG SET DISJOINTNESS CONJECTURE [Goldstein, Lewenstein, Porat, ISAAC 2019]: 

Any oracle that can answer to a query in worst-case time 𝑡 requires ෩Ω(𝑁2/𝑡2) space.



1,2

The conditional LB of oracles supporting MD queries

𝑣1 𝑣2 𝑣3 𝑣4

1 2 3 4 5 6

𝑆1 𝑆2

𝑆3

𝑆4

4,5,62,3 5,6

SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».

STRONG SET DISJOINTNESS CONJECTURE [Goldstein, Lewenstein, Porat, ISAAC 2019]: 

Any oracle that can answer to a query in worst-case time 𝑡 requires ෩Ω(𝑁2/𝑡2) space.

𝑆𝑖 ∩ 𝑆𝑗 ≠ ∅ ⇔𝑀𝐷 𝑣𝑖 , 𝑣𝑗 , −∞,+∞ = 0



1,2

The conditional LB of oracles supporting MD queries

𝑣1 𝑣2 𝑣3 𝑣4

1 2 3 4 5 6

𝑆1 𝑆2

𝑆3

𝑆4

4,5,62,3 5,6

SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».

STRONG SET DISJOINTNESS CONJECTURE [Goldstein, Lewenstein, Porat, ISAAC 2019]: 

Any oracle that can answer to a query in worst-case time 𝑡 requires ෩Ω(𝑁2/𝑡2) space.

𝑆𝑖 ∩ 𝑆𝑗 ≠ ∅ ⇔𝑀𝐷 𝑣𝑖 , 𝑣𝑗 , −∞,+∞ = 0

𝑀 = 𝑁  ⇒ Any oracle for STATIC temporal TREES supporting MD queries in worst-case 
   time 𝑡 requires ෩Ω(𝑀2/𝑡2) space…



1,2

The conditional LB of oracles supporting MD queries

𝑣1 𝑣2 𝑣3 𝑣4

1 2 3 4 5 6

𝑆1 𝑆2

𝑆3

𝑆4

4,5,62,3 5,6

𝑆𝑖 ∩ 𝑆𝑗 ≠ ∅ ⇔𝑀𝐷 𝑣𝑖 , 𝑣𝑗 , −∞,+∞ = 0

𝑀 = 𝑂(𝑁 log𝑁) ⇒ Any oracle for STATIC temporal TREES supporting MD queries in worst-case 
   time 𝑡 requires ෩Ω(𝑀2/𝑡2) space even if the tree has max degree 3.

4,5,61,2,3

SET DISJOINTNESS PROBLEM: Given 𝑘 subsets 𝑆1, … , 𝑆𝑘 of a universe 𝑈 with 𝑁 = σ𝑖 |𝑆𝑖|, 

design an oracle that can answer to queries «Given 𝑖 and 𝑗, are 𝑆𝑖 and 𝑆𝑗  disjoint?».

STRONG SET DISJOINTNESS CONJECTURE [Goldstein, Lewenstein, Porat, ISAAC 2019]: 

Any oracle that can answer to a query in worst-case time 𝑡 requires ෩Ω(𝑁2/𝑡2) space.



Results presented in this talk
• 𝑀 = σ𝑒 |𝜆 𝑒 |

• 𝐿 = max
𝑒

|𝜆 𝑒 |

• Tradeoffs in [1] are asymptotically tight, up to polylog factors, under the STRONG SET DISJOINTNESS CONJECTURE
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IDEA 2: Reduce the degree of nodes to a constant.
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Parent of a node in column 𝑖 is node of smallest label between 
its non-strict successor in column 𝑖 + 1 and its strict successor in column 𝑖 (wins in case of a tie)
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IDEA 3: Add edge weights.
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Blue edges have weight 1
Red edges have weight 0

Auxiliary forest of size 𝑀
bold nodes are roots

Fixing EA queries
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𝐸𝐴 𝑣𝑖 , 𝑣𝑗 , 𝑑 : Find non-strict successor of 𝑑 in col 𝑖; return its deepest ancestor at distance of 𝑗 − 𝑖 − 1

IDEA 3: Add edge weights.

𝐸𝐴 𝑣1, 𝑣4, 5 = 15

𝐿

Blue edges have weight 1
Red edges have weight 0

Auxiliary forest of size 𝑀
bold nodes are roots

Fixing EA queries
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𝐿

A top tree to store the auxiliary forest
• size is 𝑂(𝑀)
• building time is 𝑂(𝑀)
• node/edge insertions/deletions in 𝑂(log𝑀) time
• weighted level-ancestor queries in 𝑂(log𝑀) time

4,182,9,16,204,6,15,174,5,6,12
𝑣0 𝑣1𝑒0

𝑣2𝑒1
𝑣3𝑒2

𝑣4𝑒3
𝑣5𝑒4

𝑣6𝑒5

5,8,13 1,7,8,9

A dictionary for each 𝑒𝑖 to store its time labels
• total size is 𝑂(𝑀)
• total building time is 𝑂(𝑀 log 𝐿)
• insertions/deletions in 𝑂(log 𝐿) time
• predecessor/successor queries in 𝑂(log 𝐿) time

Auxiliary forest of size 𝑀
bold nodes are roots

The oracle



Results presented in this talk
• 𝑀 = σ𝑒 |𝜆 𝑒 |

• 𝐿 = max
𝑒

|𝜆 𝑒 |

• Tradeoffs in [1] are asymptotically tight, up to polylog factors, under the STRONG SET DISJOINTNESS CONJECTURE

Size
Time of supported queries

Time of supported updates
(both insertions and deletions)

TR EA/LD MD Time-labels Singletons Edge

(STATIC)
Trees [1]

Choose 𝑡 > 0
𝑂(𝑀 +𝑀2/𝑡2)

NO NO 𝑂(𝑡 log(1 + 𝐿)) NO NO NO

Paths [2] 𝑂(𝑛 +𝑀) 𝑂(log𝑀) 𝑂(log𝑀) NO 𝑂(log𝑀) NO NO

Forests of 
rooted trees [2]

𝑂(𝑛 +𝑀) 𝑂(log𝑀) 𝑂(log 𝐿 ⋅ log𝑀) NO 𝑂(log𝑀) 𝑂(log𝑀) 𝑂(log𝑀) 



1, 𝑢 3, 𝑣 5, 𝑣 7, 𝑤 3, 𝑠 4, 𝑠 8, 𝑠

2, 𝑘 5, 𝑘

3, 𝑦 9, 𝑦 2, 𝑧 4, 𝑧 8, 𝑧

𝑧

𝑢 𝑣 𝑤

𝑘

𝑠

𝑦

𝑥

3,9 2,4,8

1 3,5 7 3,4,8

2,5

RECYCLED IDEA: Model all useful upwards EA temporal paths.

It does not work as we create high-degree nodes.

Auxiliary forest of size 𝑀
bold nodes are roots

Oracle for dynamic temporal forests of rooted trees



1, 𝑢 3, 𝑠 3, 𝑣 4, 𝑠 5, 𝑣 7, 𝑤 8, 𝑠

2, 𝑘 5, 𝑘

2, 𝑧 3, 𝑦 4, 𝑧 8, 𝑧 9, 𝑦

𝑧

𝑢 𝑣 𝑤

𝑘

𝑠

𝑦

𝑥

3,9 2,4,8

1 3,5 7 3,4,8

2,5

Group of 𝑥

Group of 𝑦 Group of 𝑧

Group of 𝑤

For each non-leaf 𝑣, group all nodes created by all edges branching from 𝑣

Oracle for dynamic temporal forests of rooted trees

Auxiliary forest of size 𝑀
bold nodes are roots

IDEA 2: Reduce the degree of nodes to a constant.



For each non-leaf 𝑣, group all nodes created by all edges branching from 𝑣

Candidate red parent of a node is computed in its group.

1, 𝑢 3, 𝑠 3, 𝑣 4, 𝑠 5, 𝑣 7, 𝑤 8, 𝑠

2, 𝑘 5, 𝑘

2, 𝑧 3, 𝑦 4, 𝑧 8, 𝑧 9, 𝑦

𝑧

𝑢 𝑣 𝑤

𝑘

𝑠

𝑦

𝑥

3,9 2,4,8

1 3,5 7 3,4,8

2,5

Group of 𝑥

Group of 𝑦 Group of 𝑧

Group of 𝑤

Oracle for dynamic temporal forests of rooted trees

Auxiliary forest of size 𝑀
bold nodes are roots

IDEA 2: Reduce the degree of nodes to a constant.



𝐸𝐴 𝑢, 𝑣, 𝑑
1. 𝑥 = 𝐿𝐶𝐴(𝑢, 𝑣)
2. 𝑑𝑥 = 𝐸𝐴(𝑢, 𝑥, 𝑑) // upward query in 𝑂(log𝑀) time
3. Return 𝐸𝐴(𝑥, 𝑣, 𝑑𝑥) // downward query in 𝑂(log 𝐿 ⋅ log𝑀) time

𝑢 𝑣

𝑥

3,9 2,4,8

1 3,5

𝐸𝐴 𝑢, 𝑣, 1 = 5
• Upward query 𝐸𝐴 𝑢, 𝑥, 1 = 3
• Downward query 𝐸𝐴 𝑥, 𝑣, 3 = 5

EA queries in 𝑂(log 𝐿 ⋅ log𝑀) time



Results presented in this talk
• 𝑀 = σ𝑒 |𝜆 𝑒 |

• 𝐿 = max
𝑒

|𝜆 𝑒 |

• Tradeoffs in [1] are asymptotically tight, up to polylog factors, under the STRONG SET DISJOINTNESS CONJECTURE

Size
Time of supported queries

Time of supported updates
(both insertions and deletions)

TR EA/LD MD Time-labels Singletons Edge

(STATIC)
Trees [1]

Choose 𝑡 > 0
𝑂(𝑀 +𝑀2/𝑡2)

NO NO 𝑂(𝑡 log(1 + 𝐿)) NO NO NO

Paths [2] 𝑂(𝑛 +𝑀) 𝑂(log𝑀) 𝑂(log𝑀) NO 𝑂(log𝑀) NO NO

Forests of 
rooted trees [2]

𝑂(𝑛 +𝑀) 𝑂(log𝑀) 𝑂(log 𝐿 ⋅ log𝑀) NO 𝑂(log𝑀) 𝑂(log𝑀) 𝑂(log𝑀) 



Summary and Open Problems

▪ Prior to our work, results known for directed graphs supporting TR queries and time-label insertions

▪ We designed oracles with good tradeoffs for 

▪ STATIC TREES supporting MD queries

▪ Asymptotic tight bounds, up to polylog factors, even for trees of max degree 3

▪ DYNAMIC temporal FOREST of ROOTED TREES supporting TR/EA/LD queries

▪ same amortized update times if we add latencies, but only in the incremental/decremental scenarios
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Summary and Open Problems

OPEN PROBLEM 2: Better oracles for static paths supporting MD queries

▪ Prior to our work, results known for directed graphs supporting TR queries and time-label insertions

▪ We designed oracles with good tradeoffs for 

▪ STATIC TREES supporting MD queries

▪ Asymptotic tight bounds, up to polylog factors, even for trees of max degree 3
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▪ same amortized update times if we add latencies, but only in the incremental/decremental scenarios

OPEN PROBLEM 1: Oracles for fully dynamic temporal forests with latencies supporting TR/EA/LD queries
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OPEN PROBLEM 2: Better oracles for static paths supporting MD queries

OPEN PROBLEM 3: Oracles for dynamic trees supporting MD queries and time-label updates

▪ Prior to our work, results known for directed graphs supporting TR queries and time-label insertions

▪ We designed oracles with good tradeoffs for 

▪ STATIC TREES supporting MD queries

▪ Asymptotic tight bounds, up to polylog factors, even for trees of max degree 3

▪ DYNAMIC temporal FOREST of ROOTED TREES supporting TR/EA/LD queries

▪ same amortized update times if we add latencies, but only in the incremental/decremental scenarios

OPEN PROBLEM 1: Oracles for fully dynamic temporal forests with latencies supporting TR/EA/LD queries
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    (possibly with some useful restrictions like simple temporal graphs, or bounded treewidth) 
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OPEN PROBLEM 4: Oracles for temporal graphs 
    (possibly with some useful restrictions like simple temporal graphs, or bounded treewidth) 

Summary and Open Problems

OPEN PROBLEM 5: Oracles supporting other types of queries (e.g., min travel time, min waiting time, etc.)

OPEN PROBLEM 2: Better oracles for static paths supporting MD queries

▪ Prior to our work, results known for directed graphs supporting TR queries and time-label insertions

▪ We designed oracles with good tradeoffs for 

▪ STATIC TREES supporting MD queries

▪ Asymptotic tight bounds, up to polylog factors, even for trees of max degree 3

▪ DYNAMIC temporal FOREST of ROOTED TREES supporting TR/EA/LD queries

▪ same amortized update times if we add latencies, but only in the incremental/decremental scenarios

OPEN PROBLEM 1: Oracles for fully dynamic temporal forests with latencies supporting TR/EA/LD queries

OPEN PROBLEM 3: Oracles for dynamic trees supporting MD queries and time-label updates



Thanks for your attention


	Diapositiva 1
	Diapositiva 2: Goal of this talk
	Diapositiva 3: Goal of this talk
	Diapositiva 4: Goal of this talk
	Diapositiva 5: Goal of this talk
	Diapositiva 6: Goal of this talk
	Diapositiva 7: Temporal graph model
	Diapositiva 8: Temporal graph model
	Diapositiva 9: Temporal graph model
	Diapositiva 10: Temporal graph model
	Diapositiva 11: Temporal graph model
	Diapositiva 12: Temporal graph model
	Diapositiva 13: Queries
	Diapositiva 14
	Diapositiva 15: Queries
	Diapositiva 16: Queries
	Diapositiva 17: Useful observations
	Diapositiva 18: Useful observations
	Diapositiva 19: Useful observations
	Diapositiva 20: Useful observations
	Diapositiva 21: Useful observations
	Diapositiva 22: Useful observations
	Diapositiva 23: State of the art prior to our work
	Diapositiva 24: State of the art prior to our work
	Diapositiva 25: State of the art prior to our work
	Diapositiva 26: State of the art prior to our work
	Diapositiva 27: State of the art prior to our work
	Diapositiva 28: State of the art prior to our work
	Diapositiva 29: State of the art prior to our work
	Diapositiva 30: State of the art prior to our work
	Diapositiva 31: State of the art prior to our work
	Diapositiva 32: Our contribution
	Diapositiva 33: Our contribution
	Diapositiva 34: Our contribution
	Diapositiva 35: Our contribution
	Diapositiva 36: Our contribution
	Diapositiva 37: Our contribution
	Diapositiva 38: Our contribution
	Diapositiva 39: Our contribution
	Diapositiva 40: Our contribution
	Diapositiva 41: Results presented in this talk
	Diapositiva 42: The conditional LB of oracles supporting MD queries
	Diapositiva 43: The conditional LB of oracles supporting MD queries
	Diapositiva 44: The conditional LB of oracles supporting MD queries
	Diapositiva 45: The conditional LB of oracles supporting MD queries
	Diapositiva 46: The conditional LB of oracles supporting MD queries
	Diapositiva 47: The conditional LB of oracles supporting MD queries
	Diapositiva 48: Results presented in this talk
	Diapositiva 49
	Diapositiva 50
	Diapositiva 51
	Diapositiva 52
	Diapositiva 53
	Diapositiva 54
	Diapositiva 55
	Diapositiva 56
	Diapositiva 57
	Diapositiva 58
	Diapositiva 59
	Diapositiva 60
	Diapositiva 61
	Diapositiva 62
	Diapositiva 63: Results presented in this talk
	Diapositiva 64
	Diapositiva 65
	Diapositiva 66
	Diapositiva 67
	Diapositiva 68: Results presented in this talk
	Diapositiva 69: Summary and Open Problems
	Diapositiva 70: Summary and Open Problems
	Diapositiva 71: Summary and Open Problems
	Diapositiva 72: Summary and Open Problems
	Diapositiva 73: Summary and Open Problems
	Diapositiva 74: Summary and Open Problems
	Diapositiva 75: Summary and Open Problems
	Diapositiva 76: Summary and Open Problems
	Diapositiva 77: Thanks for your attention


  e


  𝜆 ( e )


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  𝒖 − 𝒗


  u − v


  P


   t e ∈ 𝜆 ( e )


  e


  P


   t e


  e


  𝜆 ( e )


  1


  e


  𝜆 ( e )


  𝒖 − 𝒗


  u − v


  P


   t e ∈ 𝜆 ( e )


  e


  P


   t e


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  1


  6


  e


  𝜆 ( e )


  𝒖 − 𝒗


  u − v


  P


   t e ∈ 𝜆 ( e )


  e


  P


   t e


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  1


  e


  𝜆 ( e )


  𝒖 − 𝒗


  u − v


  P


   t e ∈ 𝜆 ( e )


  e


  P


   t e


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  6


  6 − 1 = 5


  1


  6 − 1 = 5


  e


  𝜆 ( e )


  𝒖 − 𝒗


  u − v


  P


   t e ∈ 𝜆 ( e )


  e


  P


   t e


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  1 , 2


  6


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  2 , 3 , 5


  T R  (  u , v ,  [  3 , 7 ] ) = T R U E


  T R ( u , v ,  [  d , a ] )


  u − v


  [ d , a ]


  4


  1 , 2


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  2 , 3 , 5


  E A  (  u , v , 3 ) = 6


  E A ( u , v , d )


  u − v


  ≥ d


  T R ( u , v ,  [  d , a ] )


  u − v


  [ d , a ]


  4


  1 , 2


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  4


  2 , 3 , 5


  L D  (  u , v , 7 ) = 5


  1 , 2


  E A ( u , v , d )


  u − v


  ≥ d


  T R ( u , v ,  [  d , a ] )


  u − v


  [ d , a ]


  L D ( u , v , a )


  u − v


  ≤ a


  E A ( u , v , d )


  u − v


  ≥ d


  M D ( u , v , [ d , a ] )


  u − v


  [ d , a ]


  x


  v


  y


  u


  z


  5 , 7


  4 , 6


  3 , 6


  7 , 8


  2 , 3 , 5


  M D  (  u , v , [ 3 , 7 ] ) = 1


  T R ( u , v ,  [  d , a ] )


  u − v


  [ d , a ]


  L D ( u , v , a )


  u − v


  ≤ a


  4


  1 , 2


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  T R  (  u , v ,  [  d , a ] ) ≡ ( E A  (  u , v , d ) ≤ a )


  T R  (  u , v ,  [  d , a ] ) ≡ ( L D  (  u , v , a ) ≥ d )


  T R  (  u , v ,  [  d , a ] ) ≡ ( M D  (  u , v ,  [  d , a ] ) ≤ d − a )


  ≡


  v


  x


  u


  y


  1 , 4


  2 , 4 , 5


  1 , 3 , 5


  v


  x


  u


  y


  − 1 , − 4


  − 2 , − 4 , − 5


  − 1 , − 3 , − 5


  L D  (  u , v , 5 ) = 3


  E A  (  v , u , − 5 ) = − 3


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( u , v , d , a )


  u − v


  d


  a


  O (  n 2 𝜏 )


  O (   log ⁡ 𝜏 )


  O (  n 2   log ⁡ 𝜏 )


  ( t , ℓ )


  ℓ ≥ 0


  n =


  τ = |  ⋃ e  𝜆 ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  v


  u


  v


  u = p a r e n t ( v )


  t


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  t


  v


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  v


  u


  v


  u = p a r e n t ( v )


  t


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  t


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  t


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  t


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  t


   Ω ~ (  N 2 /  t 2 )


  1 , 2


   v 1


   v 2


   v 3


   v 4


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  4 , 5 , 6


  2 , 3


  5 , 6


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  t


   Ω ~ (  N 2 /  t 2 )


  1 , 2


   v 1


   v 2


   v 3


   v 4


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  4 , 5 , 6


  2 , 3


  5 , 6


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  t


   Ω ~ (  N 2 /  t 2 )


   S i ∩  S j ≠ ∅


  ⇔ M D  (   v i ,  v j ,  [  − ∞ , + ∞ ] ) = 0


  1 , 2


   v 1


   v 2


   v 3


   v 4


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  4 , 5 , 6


  2 , 3


  5 , 6


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  t


   Ω ~ (  N 2 /  t 2 )


   S i ∩  S j ≠ ∅


  ⇔ M D  (   v i ,  v j ,  [  − ∞ , + ∞ ] ) = 0


  M = N


  ⇒


  t


   Ω ~ (  M 2 /  t 2 )


  1 , 2


   v 1


   v 2


   v 3


   v 4


  1


  2


  3


  4


  5


  6


   S 1


   S 2


   S 3


   S 4


  4 , 5 , 6


  2 , 3


  5 , 6


   S i ∩  S j ≠ ∅


  ⇔ M D  (   v i ,  v j ,  [  − ∞ , + ∞ ] ) = 0


  M = O ( N   log ⁡ N )


  ⇒


  t


   Ω ~ (  M 2 /  t 2 )


  4 , 5 , 6


  1 , 2 , 3


  k


   S 1 , … ,  S k


  U


  N =  ∑ i  |  S i |


  i


  j


   S i


   S j


  t


   Ω ~ (  N 2 /  t 2 )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  ( p a r e n t ( v ) , v )


  v


  ( u , v )


  ℓ


  v


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  M


  L


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  i


  i + 1


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  i


  i + 1


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  E A  (   v i ,  v j , d )


  d


  i


   (  j − i − 1 )


  E A  (   v 1 ,  v 4 , 5 ) = 15


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  10


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 10 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  10


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 10 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  i


  i + 1


  i


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  i


  i + 1


  i


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  i


  i + 1


  i


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


  E A  (   v i ,  v j , d )


  d


  i


  j − i − 1


  E A  (   v 1 ,  v 4 , 5 ) = 15


  L


  M


  5


  8


  13


  1


  7


  8


  9


  4


  5


  6


  12


  4


  6


  15


  17


  2


  9


  16


  20


  4


  18


  L


  O ( M )


  O ( M )


  O (   log ⁡  M )


  O (   log ⁡  M )


  4 , 18


  2 , 9 , 16 , 20


  4 , 6 , 15 , 17


  4 , 5 , 6 , 12


   v 0


   v 1


   e 0


   v 2


   e 1


   v 3


   e 2


   v 4


   e 3


   v 5


   e 4


   v 6


   e 5


  5 , 8 , 13


  1 , 7 , 8 , 9


   e i


  O ( M )


  O ( M   log ⁡ L )


  O (   log ⁡  L )


  O (   log ⁡ L )


  M


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  1 , u


  3 , v


  5 , v


  7 , w


  3 , s


  4 , s


  8 , s


  2 , k


  5 , k


  3 , y


  9 , y


  2 , z


  4 , z


  8 , z


  z


  u


  v


  w


  k


  s


  y


  x


  3 , 9


  2 , 4 , 8


  1


  3 , 5


  7


  3 , 4 , 8


  2 , 5


  M


  1 , u


  3 , s


  3 , v


  4 , s


  5 , v


  7 , w


  8 , s


  2 , k


  5 , k


  2 , z


  3 , y


  4 , z


  8 , z


  9 , y


  z


  u


  v


  w


  k


  s


  y


  x


  3 , 9


  2 , 4 , 8


  1


  3 , 5


  7


  3 , 4 , 8


  2 , 5


  x


  y


  z


  w


  v


  v


  M


  v


  v


  1 , u


  3 , s


  3 , v


  4 , s


  5 , v


  7 , w


  8 , s


  2 , k


  5 , k


  2 , z


  3 , y


  4 , z


  8 , z


  9 , y


  z


  u


  v


  w


  k


  s


  y


  x


  3 , 9


  2 , 4 , 8


  1


  3 , 5


  7


  3 , 4 , 8


  2 , 5


  x


  y


  z


  w


  M


  E A  (  u , v , d )


  x = L C A ( u , v )


   d x = E A ( u , x , d )


  O (   log ⁡ M )


  E A ( x , v ,  d x )


  O (   log ⁡ L ⋅   log ⁡ M )


  u


  v


  x


  3 , 9


  2 , 4 , 8


  1


  3 , 5


  7


  3 , 4 , 8


  2 , 5


  E A  (  u , v , 1 ) = 5


  E A  (  u , x , 1 ) = 3


  E A  (  x , v , 3 ) = 5


  O (   log ⁡ L ⋅   log ⁡ M )


  M =  ∑ e  | 𝜆  ( e ) |


  L =     max e ⁡  | 𝜆  ( e ) |


  t > 0


  O ( M +  M 2 /  t 2 )


  O ( t   log ⁡  ( 1 + L ) )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O ( n + M )


  O (   log ⁡ M )


  O (   log ⁡ L ⋅   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )


  O (   log ⁡ M )

