
❚❤❡ t❡♠♣♦r❛❧ ❡①♣❧♦r❡r ✇❤♦ r❡t✉r♥s t♦ t❤❡ ❜❛s❡ ✶

❊❧❡♥✐ ❈✳ ❆❦r✐❞❛†✱ ●❡♦r❣❡ ❇✳ ▼❡rt③✐♦s♮✱ ❛♥❞ P❛✉❧ ●✳ ❙♣✐r❛❦✐s†,§

†❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❯♥✐✈❡rs✐t② ♦❢ ▲✐✈❡r♣♦♦❧✱ ❯❑

♮❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❉✉r❤❛♠ ❯♥✐✈❡rs✐t②✱ ❯❑

§❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❊♥❣✐♥❡❡r✐♥❣ ✫ ■♥❢♦r♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ P❛tr❛s✱ ●r❡❡❝❡

❏✉❧② ✾✱ ✷✵✶✽

✶
❙✉♣♣♦rt❡❞ ❜② t❤❡ ◆❡❙❚ ✐♥✐t✐❛t✐✈❡ ♦❢ t❤❡ ❙❝❤♦♦❧ ♦❢ ❊❊❊ ❛♥❞ ❈❙ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ▲✐✈❡r♣♦♦❧ ❛♥❞

❜② t❤❡ ❊P❙❘❈ ●r❛♥ts ❊P✴P✵✷✵✸✼✷✴✶ ❛♥❞ ❊P✴P✵✷✵✵✷❳✴✶✳

✶ ✴ ✷✵



❘❡t✉r♥✐♥❣ t♦ t❤❡ ❜❛s❡

✷ ✴ ✷✵



❘❡t✉r♥✐♥❣ t♦ t❤❡ ❜❛s❡

✷ ✴ ✷✵



❘❡t✉r♥✐♥❣ t♦ t❤❡ ❜❛s❡

✷ ✴ ✷✵



❘❡t✉r♥✐♥❣ t♦ t❤❡ ❜❛s❡

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✷ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

temporal graph: temporal instances:

1,4 2,4

2,3

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

temporal graph: temporal instances:

1,4 2,4

2,3

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

temporal graph: temporal instances:

1,4 2,4

2,3

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

temporal graph: temporal instances:

1,4 2,4

2,3

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ●r❛♣❤✮

▲❡t G = (V ,E ) ❜❡ ❛ ❣r❛♣❤✳ ❆ t❡♠♣♦r❛❧ ❣r❛♣❤ ♦♥ G ✐s ❛ ♣❛✐r
(G , L)✱ ✇❤❡r❡ L : E → ✷N ✐s ❛ t✐♠❡✲❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❛
❧❛❜❡❧✐♥❣ ♦❢ G ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡✈❡r② ❡❞❣❡ ♦❢ G ❛ s❡t ♦❢
❞✐s❝r❡t❡✲t✐♠❡ ❧❛❜❡❧s✳ ❚❤❡ ❧❛❜❡❧s ♦❢ ❛♥ ❡❞❣❡ ❛r❡ t❤❡ ❞✐s❝r❡t❡ t✐♠❡

✐♥st❛♥❝❡s ❛t ✇❤✐❝❤ ✐t ✐s ❛✈❛✐❧❛❜❧❡✳

temporal graph: temporal instances:

1,4 2,4

2,3

✸ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ❙t❛r✮

❆ t❡♠♣♦r❛❧ st❛r ✐s ❛ t❡♠♣♦r❛❧ ❣r❛♣❤ (Gs , L) ♦♥ ❛ st❛r ❣r❛♣❤
Gs = (V ,E )✳ ❲❡ ❞❡♥♦t❡ ❜② c t❤❡ ❝❡♥t❡r ♦❢ Gs ✳

❉❡✜♥✐t✐♦♥ ✭❚✐♠❡ ❡❞❣❡✮

▲❡t e = {u, v} ❜❡ ❛♥ ❡❞❣❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ♦❢ ❛ t❡♠♣♦r❛❧
❣r❛♣❤ ❛♥❞ ❝♦♥s✐❞❡r ❛ ❧❛❜❡❧ l ∈ L(e)✳ ❚❤❡ ♦r❞❡r❡❞ tr✐♣❧❡t (u, v , l) ✐s
❝❛❧❧❡❞ t✐♠❡ ❡❞❣❡✳

✹ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❚❡♠♣♦r❛❧ ❙t❛r✮

❆ t❡♠♣♦r❛❧ st❛r ✐s ❛ t❡♠♣♦r❛❧ ❣r❛♣❤ (Gs , L) ♦♥ ❛ st❛r ❣r❛♣❤
Gs = (V ,E )✳ ❲❡ ❞❡♥♦t❡ ❜② c t❤❡ ❝❡♥t❡r ♦❢ Gs ✳

❉❡✜♥✐t✐♦♥ ✭❚✐♠❡ ❡❞❣❡✮

▲❡t e = {u, v} ❜❡ ❛♥ ❡❞❣❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ♦❢ ❛ t❡♠♣♦r❛❧
❣r❛♣❤ ❛♥❞ ❝♦♥s✐❞❡r ❛ ❧❛❜❡❧ l ∈ L(e)✳ ❚❤❡ ♦r❞❡r❡❞ tr✐♣❧❡t (u, v , l) ✐s
❝❛❧❧❡❞ t✐♠❡ ❡❞❣❡✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

c c

v v

(c, v, 1), (c, v, 2)

(v, c, 1), (v, c, 2)

✹ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❏♦✉r♥❡②✮

❆ t❡♠♣♦r❛❧ ♣❛t❤ ♦r ❥♦✉r♥❡② j ❢r♦♠ ❛ ✈❡rt❡① u t♦ ❛ ✈❡rt❡① v

✭(u, v)✲❥♦✉r♥❡②✮ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❡❞❣❡s (u, u✶, l✶)✱ (u✶, u✷, l✷)✱
. . . ✱ (uk−✶, v , lk)✱ s✉❝❤ t❤❛t li < li+✶✱ ❢♦r ❡❛❝❤ ✶ ≤ i ≤ k − ✶✳

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❏♦✉r♥❡②✮

❆ t❡♠♣♦r❛❧ ♣❛t❤ ♦r ❥♦✉r♥❡② j ❢r♦♠ ❛ ✈❡rt❡① u t♦ ❛ ✈❡rt❡① v

✭(u, v)✲❥♦✉r♥❡②✮ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❡❞❣❡s (u, u✶, l✶)✱ (u✶, u✷, l✷)✱
. . . ✱ (uk−✶, v , lk)✱ s✉❝❤ t❤❛t li < li+✶✱ ❢♦r ❡❛❝❤ ✶ ≤ i ≤ k − ✶✳

temporal graph:

1,4 2,4

2,3

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❏♦✉r♥❡②✮

❆ t❡♠♣♦r❛❧ ♣❛t❤ ♦r ❥♦✉r♥❡② j ❢r♦♠ ❛ ✈❡rt❡① u t♦ ❛ ✈❡rt❡① v

✭(u, v)✲❥♦✉r♥❡②✮ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❡❞❣❡s (u, u✶, l✶)✱ (u✶, u✷, l✷)✱
. . . ✱ (uk−✶, v , lk)✱ s✉❝❤ t❤❛t li < li+✶✱ ❢♦r ❡❛❝❤ ✶ ≤ i ≤ k − ✶✳

temporal graph: journey:

1,4 2,4

2,3

1,4

3

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

◮ ❲❡ ✏❡♥t❡r✑ ✭r❡s♣✳ ✏❡①✐t✑✮ ❛♥ ❡❞❣❡ ✇❤❡♥ ✇❡ ❝r♦ss ✐t ❢r♦♠ ❝❡♥t❡r
t♦ ❧❡❛❢ ✭r❡s♣✳ ❧❡❛❢ t♦ ❝❡♥t❡r✮ ❛t ❛ t✐♠❡ ♦♥ ✇❤✐❝❤ t❤❡ ❡❞❣❡ ✐s
❛✈❛✐❧❛❜❧❡✳

◮ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✐♥ ❛♥ ❡①♣❧♦r❛t✐♦♥ t❤❡ ❡♥tr② t♦ ❛♥② ❡❞❣❡ e

✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❡①✐t ❢r♦♠ e ❛t t❤❡ ❡❛r❧✐❡st ♣♦ss✐❜❧❡ t✐♠❡✳
❲❛✐t✐♥❣ ❛t ❛ ❧❡❛❢ ✭✐♥st❡❛❞ ♦❢ ❡①✐t✐♥❣ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✮ ❞♦❡s
♥♦t ❤❡❧♣ ✐♥ ❡①♣❧♦r✐♥❣ ♠♦r❡ ❡❞❣❡s✳

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❡♠♣♦r❛❧ ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✭❊①♣❧♦r❛t✐♦♥✮

❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛ t❡♠♣♦r❛❧ st❛r ✐s ❛ ❥♦✉r♥❡② J t❤❛t st❛rts
❛♥❞ ❡♥❞s ❛t t❤❡ ❝❡♥t❡r ♦❢ Gs ✇❤✐❝❤ ✈✐s✐ts s♦♠❡ ♥♦❞❡s ♦❢ Gs ❀ ✐ts s✐③❡
|J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ Gs t❤❛t ❛r❡ ✈✐s✐t❡❞ ❜② J✳

3, 4, 5

2, 6, 10
1, 2

8, 11, 12

1, 2, 3, 4, 5

✺ ✴ ✷✵



❚❤❡ ♣r♦❜❧❡♠s

❙t❛r❊①♣✭k✮

■♥♣✉t✿ ❆ t❡♠♣♦r❛❧ st❛r (Gs , L) s✉❝❤ t❤❛t ❡✈❡r② ❡❞❣❡ ❤❛s ❛t ♠♦st
k ❧❛❜❡❧s✳
◗✉❡st✐♦♥✿ ■s (Gs , L) ❡①♣❧♦r❛❜❧❡❄

▼❛①❙t❛r❊①♣✭k✮

■♥♣✉t✿ ❆ t❡♠♣♦r❛❧ st❛r (Gs , L) s✉❝❤ t❤❛t ❡✈❡r② ❡❞❣❡ ❤❛s ❛t ♠♦st
k ❧❛❜❡❧s✳
❖✉t♣✉t✿ ❆ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ (Gs , L) ♦❢ ♠❛①✐♠✉♠ s✐③❡✳

✻ ✴ ✷✵



❖✈❡r✈✐❡✇ ♦❢ r❡s✉❧ts

◮ ▼❛①❙t❛r❊①♣✭✷✮ ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② s♦❧✈❡❞ ✐♥ O(n ❧♦❣ n) t✐♠❡

◮ ❙t❛r❊①♣✭✸✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ O(n ❧♦❣ n) t✐♠❡

◮ ❙t❛r❊①♣✭k✮ ✐s ◆P✲❝♦♠♣❧❡t❡ ❛♥❞ ▼❛①❙t❛r❊①♣✭k✮ ✐s ❆P❳✲❤❛r❞✱
✇❤❡♥ k ≥ ✻

◮ ●r❡❡❞② ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ▼❛①❙t❛r❊①♣✭k✮

◮ ❈❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❡♠♣♦r❛❧ st❛rs ✇✐t❤ r❛♥❞♦♠ ❧❛❜❡❧s t❤❛t
❛s②♠♣t♦t✐❝❛❧❧② ❛❧♠♦st s✉r❡❧② ❛❞♠✐t ❛ ❝♦♠♣❧❡t❡ ❡①♣❧♦r❛t✐♦♥

✼ ✴ ✷✵



▼❛①❙t❛r❊①♣✭✷✮ s♦❧✉t✐♦♥ ✐♥ O(n ❧♦❣ n) t✐♠❡

▼❛①❙t❛r❊①♣✭✷✮ ✐s r❡❞✉❝✐❜❧❡ t♦ t❤❡ ■♥t❡r✈❛❧ ❙❝❤❡❞✉❧✐♥❣ ▼❛①✐♠✐③❛t✐♦♥
Pr♦❜❧❡♠ ✭■❙▼P✮✳

■♥t❡r✈❛❧ ❙❝❤❡❞✉❧✐♥❣ ▼❛①✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠ ✭■❙▼P✮

■♥♣✉t✿ ❆ s❡t ♦❢ ✐♥t❡r✈❛❧s✱ ❡❛❝❤ ✇✐t❤ ❛ st❛rt ❛♥❞ ❛ ✜♥✐s❤ t✐♠❡✳
❖✉t♣✉t✿ ❋✐♥❞ ❛ s❡t ♦❢ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ✐♥t❡r✈❛❧s ♦❢ ♠❛①✐♠✉♠ s✐③❡✳

✽ ✴ ✷✵



▼❛①❙t❛r❊①♣✭✷✮ s♦❧✉t✐♦♥ ✐♥ O(n ❧♦❣ n) t✐♠❡

◮ ❊✈❡r② ❡❞❣❡ e ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ✐♥t❡r✈❛❧ t♦ ❜❡ s❝❤❡❞✉❧❡❞✳

◮ ❆♥② ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ (Gs , L) ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡t ♦❢
♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ✐♥t❡r✈❛❧s ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s t❤❡ ❡①♣❧♦r❛t✐♦♥✱
❛♥❞ ✈✐❝❡ ✈❡rs❛✳

5, 8

1, 2

8, 11
c

u

v

w

Interval 1: (8, 11.5)
Interval 2: (1, 2.5)
Interval 3: (5, 8.5)

✽ ✴ ✷✵



▼❛①❙t❛r❊①♣✭✷✮ s♦❧✉t✐♦♥ ✐♥ O(n ❧♦❣ n) t✐♠❡

●r❡❡❞② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ■❙▼P✿

✶✳ ❙t❛rt ✇✐t❤ t❤❡ s❡t S = E ♦❢ ❛❧❧ ❡❞❣❡s✳ ❙❡❧❡❝t t❤❡ ❡❞❣❡✱ e✱ ✇✐t❤
t❤❡ s♠❛❧❧❡st ❧❛r❣❡st ❧❛❜❡❧ ✭❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡❛r❧✐❡st ✜♥✐s❤ t✐♠❡
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r✈❛❧✮✳

✷✳ ❘❡♠♦✈❡ ❢r♦♠ S t❤❡ ❡❞❣❡ e ❛♥❞ ❛❧❧ ❝♦♥✢✐❝t✐♥❣ ❡❞❣❡s✳

✸✳ ❘❡♣❡❛t ✉♥t✐❧ S ✐s ❡♠♣t②✳

❚✐♠❡ ♥❡❡❞❡❞✿ (|E | ❧♦❣ |E |) = O(n ❧♦❣ n)

✽ ✴ ✷✵



❙t❛r❊①♣✭✸✮ s♦❧✉t✐♦♥ ✐♥ O(n✷) t✐♠❡

◮ ◆♦t❡ t❤❛t ✐❢ e ❤❛s ✷ ❧❛❜❡❧s✱ ✐t ♠✉st ❜❡ ❡①♣❧♦r❡❞ ❜② ❡♥t❡r✐♥❣ ❛t
t❤❡ s♠❛❧❧❡st ❛♥❞ ❧❡❛✈✐♥❣ ❛t t❤❡ ❧❛r❣❡st ❧❛❜❡❧✳

◮ ❚❤❡ ✐♥st❛♥❝❡ ✐s r❡❞✉❝❡❞ t♦ ❛ s♠❛❧❧❡r ♦♥❡✱ ✇✐t❤ ♦♥❧② ❡❞❣❡s ✇✐t❤
t❤r❡❡ ❧❛❜❡❧s✱ ❜② r❡♠♦✈✐♥❣ ❛❧❧ ❝♦♥✢✐❝t✐♥❣ ❧❛❜❡❧s ✇✐t❤ t❤❡
❡①♣❧♦r❛t✐♦♥ ♦❢ e ❢r♦♠ ♦t❤❡r ❡❞❣❡s✳

◮ ❲❡ r❡❞✉❝❡ ▼❛①❙t❛r❊①♣✭✸✮ t♦ ✷❙❆❚✳

◮ ❋♦r ❡✈❡r② ❡❞❣❡ e ✇✐t❤ ❧❛❜❡❧s l✶, l✷, l✸✱ ✇❡ ❞❡✜♥❡ t❤❡ t✇♦
♣♦ss✐❜❧❡ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇s [l✶, l✷], [l✷, l✸]✳

◮ ❲❡ ❛ss✐❣♥ t♦ e ❛ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ xe s✉❝❤ t❤❛t t❤❡ tr✉t❤
❛ss✐❣♥♠❡♥t xe = ✵ ✭r❡s♣✳ xe = ✶✮ ♠❡❛♥s t❤❛t ❡❞❣❡ e ✐s
❡①♣❧♦r❡❞ ✐♥ t❤❡ ✶st ✐♥t❡r✈❛❧ ✭r❡s♣✳ ✷♥❞ ✐♥t❡r✈❛❧✮✳

✾ ✴ ✷✵



❙t❛r❊①♣✭✸✮ s♦❧✉t✐♦♥ ✐♥ O(n✷) t✐♠❡

◮ ❋♦r ❛♥② t✇♦ ❡❞❣❡s e✶ ❛♥❞ e✷ ✇✐t❤ ❝♦♥✢✐❝t✐♥❣ ❡①♣❧♦r❛t✐♦♥
✇✐♥❞♦✇s✱ ✇❡ ❛❞❞ ❝❧❛✉s❡s✿

◮ (x✶ ∨ x✷) ✐❢ t❤❡ ✜rst ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✶ ✐s ❝♦♥✢✐❝t✐♥❣
✇✐t❤ t❤❡ ✜rst ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✷✳

◮ (¬x✶ ∨ ¬x✷)✮ ✐❢ t❤❡ s❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✶ ✐s
❝♦♥✢✐❝t✐♥❣ ✇✐t❤ t❤❡ s❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✷✳

◮ (¬x✶ ∨ x✷) ✐❢ t❤❡ s❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✶ ✐s
❝♦♥✢✐❝t✐♥❣ ✇✐t❤ t❤❡ ✜rst ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✷✳

◮ (x✶ ∨ ¬x✷) ✐❢ t❤❡ ✜rst ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✶ ✐s ❝♦♥✢✐❝t✐♥❣
✇✐t❤ t❤❡ s❡❝♦♥❞ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ♦❢ e✷✳

◮ ❚❤❡ ❝♦♥str✉❝t❡❞ ✷✲❈◆❋ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
(Gs , L) ✐s ❡①♣❧♦r❛❜❧❡✳

◮ ❚❤❡ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥s O(n✷) ❝❧❛✉s❡s ✐♥ t♦t❛❧✱ ❛♥❞ t❤✉s t❤❡
❡①♣❧♦r❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ O(n✷) t✐♠❡ ✉s✐♥❣ ❛
❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r ✷❙❆❚✳

✶✵ ✴ ✷✵



❙t❛r❊①♣✭✸✮ s♦❧✉t✐♦♥ ✐♥ O(n ❧♦❣ n) t✐♠❡

❚❤❡ ✐❞❡❛✿

◮ ❘❡❞✉❝❡ ❙t❛r❊①♣✭✸✮ t♦ ✷❙❆❚ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛✉s❡s ✐♥
t❤❡ ❝♦♥str✉❝t❡❞ ❢♦r♠✉❧❛ ✐s ❧✐♥❡❛r ✐♥ n✳

◮ ❙♦rt t❤❡ ✸n ❧❛❜❡❧s ♦❢ (Gs , L) ❛♥❞ s❝❛♥ t❤r♦✉❣❤ t❤❡♠ t♦ ❞❡t❡❝t
❝♦♥✢✐❝ts✳

✶✶ ✴ ✷✵



❍❛r❞♥❡ss ❢♦r k ≥ ✻ ❧❛❜❡❧s ♣❡r ❡❞❣❡

❚❤❡♦r❡♠
❙t❛r❊①♣✭k✮✐s ◆P✲❝♦♠♣❧❡t❡ ❛♥❞ ▼❛①❙t❛r❊①♣✭k✮ ✐s ❆P❳✲❤❛r❞✱ ❢♦r

❡✈❡r② k ≥ ✻✳

❘❡❞✉❝t✐♦♥ ❢r♦♠ ✸❙❆❚✭✸✮✿

✸❙❆❚✭✸✮

■♥♣✉t✿ ❆ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ F ✐♥ ❈◆❋ ✇✐t❤ ✈❛r✐❛❜❧❡s x✶, x✷, . . . , xp
❛♥❞ ❝❧❛✉s❡s c✶, c✷, . . . , cq✱ s✉❝❤ t❤❛t ❡❛❝❤ ❝❧❛✉s❡ ❤❛s ❛t ♠♦st ✸
❧✐t❡r❛❧s✱ ❛♥❞ ❡❛❝❤ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✐♥ ❛t ♠♦st ✸ ❝❧❛✉s❡s✳
❖✉t♣✉t✿ ❉❡❝✐s✐♦♥ ♦♥ ✇❤❡t❤❡r t❤❡ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❛❜❧❡✳

❲❧♦❣ ❛ss✉♠❡ ❡✈❡r② ✈❛r✐❛❜❧❡ ♦❝❝✉rs ♦♥❝❡ ♥❡❣❛t❡❞✱ ✱ ❛♥❞ ❛t
♠♦st t✇✐❝❡ ♥♦♥✲♥❡❣❛t❡❞✱ ✳

✶✷ ✴ ✷✵



❍❛r❞♥❡ss ❢♦r k ≥ ✻ ❧❛❜❡❧s ♣❡r ❡❞❣❡

❚❤❡♦r❡♠
❙t❛r❊①♣✭k✮✐s ◆P✲❝♦♠♣❧❡t❡ ❛♥❞ ▼❛①❙t❛r❊①♣✭k✮ ✐s ❆P❳✲❤❛r❞✱ ❢♦r

❡✈❡r② k ≥ ✻✳

❘❡❞✉❝t✐♦♥ ❢r♦♠ ✸❙❆❚✭✸✮✿

✸❙❆❚✭✸✮

■♥♣✉t✿ ❆ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ F ✐♥ ❈◆❋ ✇✐t❤ ✈❛r✐❛❜❧❡s x✶, x✷, . . . , xp
❛♥❞ ❝❧❛✉s❡s c✶, c✷, . . . , cq✱ s✉❝❤ t❤❛t ❡❛❝❤ ❝❧❛✉s❡ ❤❛s ❛t ♠♦st ✸
❧✐t❡r❛❧s✱ ❛♥❞ ❡❛❝❤ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ✐♥ ❛t ♠♦st ✸ ❝❧❛✉s❡s✳
❖✉t♣✉t✿ ❉❡❝✐s✐♦♥ ♦♥ ✇❤❡t❤❡r t❤❡ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❛❜❧❡✳

◮ ❲❧♦❣ ❛ss✉♠❡ ❡✈❡r② ✈❛r✐❛❜❧❡ ♦❝❝✉rs ♦♥❝❡ ♥❡❣❛t❡❞✱ ¬xi ✱ ❛♥❞ ❛t
♠♦st t✇✐❝❡ ♥♦♥✲♥❡❣❛t❡❞✱ xi ✳

✶✷ ✴ ✷✵



❚❤❡ r❡❞✉❝t✐♦♥

◮ (Gs , L) ❤❛s ♦♥❡ ❡❞❣❡ ♣❡r ❝❧❛✉s❡✱ ❛♥❞ t❤r❡❡ ❡❞❣❡s ♣❡r ✈❛r✐❛❜❧❡
✭♦♥❡ ✏♣r✐♠❛r②✑ ❛♥❞ t✇♦ ✏❛✉①✐❧✐❛r②✑✮ ♦❢ F ✳

◮ ❚❤❡ ✏♣r✐♠❛r②✑ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✈❛r✐❛❜❧❡ x ❤❛s t✇♦ ♣❛✐rs
♦❢ ❧❛❜❡❧s✱ t❤❡ ✶st ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x = ✵ ❛♥❞ t❤❡ ✷♥❞
❝♦rr❡s♣♦♥❞✐♥❣ t♦ x = ✶✳

✶✸ ✴ ✷✵



❚❤❡ r❡❞✉❝t✐♦♥

◮ ❆♥② ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝❧❛✉s❡ ❝♦♥t❛✐♥✐♥❣ x ❤❛s ❛♥ ✭❡♥tr②✱
❡①✐t✮ ♣❛✐r ♦❢ ❧❛❜❡❧s ❝♦♥✢✐❝t✐♥❣ ✇✐t❤ t❤❡ ✶st ♣❛✐r ♦❢ ❧❛❜❡❧s ♦❢ t❤❡
❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ x = ✵✮ ❜✉t ♥♦t ✇✐t❤
t❤❡ ✷♥❞ ♣❛✐r✳

◮ ❆♥② ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝❧❛✉s❡ ❝♦♥t❛✐♥✐♥❣ ¬x ❤❛s ❛♥
✭❡♥tr②✱ ❡①✐t✮ ♣❛✐r ♦❢ ❧❛❜❡❧s ❝♦♥✢✐❝t✐♥❣ ✇✐t❤ t❤❡ ✷♥❞ ♣❛✐r ♦❢
❧❛❜❡❧s ♦❢ t❤❡ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ x = ✶✮
❜✉t ♥♦t ✇✐t❤ t❤❡ ✶st ♣❛✐r✳

◮ ❋♦r ❡✈❡r② ✈❛r✐❛❜❧❡ x ✇❡ ❤❛✈❡ t✇♦ ✏❛✉①✐❧✐❛r②✑ ❡❞❣❡s✿
◮ ❚❤❡ ✜rst ♦♥❡ t♦ ❛✈♦✐❞ ❡♥t❡r✐♥❣ ❛♥❞ ❡①✐t✐♥❣ t❤❡ ♣r✐♠❛r② ❡❞❣❡

❝♦rr❡s♣♦♥❞✐♥❣ t♦ x ✉s✐♥❣ ❧❛❜❡❧s ❢r♦♠ ❞✐✛❡r❡♥t ♣❛✐rs✳
◮ ❚❤❡ s❡❝♦♥❞ ♦♥❡ t♦ ❛✈♦✐❞ ❡♥t❡r✐♥❣ ❛♥ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

s♦♠❡ ❝❧❛✉s❡ ✉s✐♥❣ ❛ ❧❛❜❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ x ❛♥❞ ❡①✐t✐♥❣ ✉s✐♥❣ ❛
❧❛❜❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡ y ✳

✶✸ ✴ ✷✵



●r❡❡❞② ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ▼❛①❙t❛r❊①♣✭k✮

◮ ◆♦t✐❝❡✿ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❡①♣❧♦r✐♥❣ ❛♥ ❡❞❣❡ e ✇❤✐❝❤
❤❛s ❛♥ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ✇✐t❤ t❤❡ ❡❛r❧✐❡st ❡①✐t t✐♠❡✳

■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♥♦t ❡①♣❧♦r✐♥❣ ✳

❖♥❡ ❝❛♥ ❡①❝❤❛♥❣❡ t❤❡ ❡①♣❧♦r❡❞ ❡❞❣❡ ♦❢ t❤✐s s♦❧✉t✐♦♥ t❤❛t ❤❛s
❡❛r❧✐❡st ❡①✐t t✐♠❡ ✇✐t❤ t❤❡ ❡❞❣❡ ✉s✐♥❣ ✐ts ✜rst ❡①♣❧♦r❛t✐♦♥
✇✐♥❞♦✇✳

✶✹ ✴ ✷✵



●r❡❡❞② ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ▼❛①❙t❛r❊①♣✭k✮

◮ ◆♦t✐❝❡✿ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❡①♣❧♦r✐♥❣ ❛♥ ❡❞❣❡ e ✇❤✐❝❤
❤❛s ❛♥ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ✇✐t❤ t❤❡ ❡❛r❧✐❡st ❡①✐t t✐♠❡✳

◮ ■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♥♦t ❡①♣❧♦r✐♥❣ e✳

❖♥❡ ❝❛♥ ❡①❝❤❛♥❣❡ t❤❡ ❡①♣❧♦r❡❞ ❡❞❣❡ ♦❢ t❤✐s s♦❧✉t✐♦♥ t❤❛t ❤❛s
❡❛r❧✐❡st ❡①✐t t✐♠❡ ✇✐t❤ t❤❡ ❡❞❣❡ ✉s✐♥❣ ✐ts ✜rst ❡①♣❧♦r❛t✐♦♥
✇✐♥❞♦✇✳

✶✹ ✴ ✷✵



●r❡❡❞② ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ▼❛①❙t❛r❊①♣✭k✮

◮ ◆♦t✐❝❡✿ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❡①♣❧♦r✐♥❣ ❛♥ ❡❞❣❡ e ✇❤✐❝❤
❤❛s ❛♥ ❡①♣❧♦r❛t✐♦♥ ✇✐♥❞♦✇ ✇✐t❤ t❤❡ ❡❛r❧✐❡st ❡①✐t t✐♠❡✳

◮ ■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♥♦t ❡①♣❧♦r✐♥❣ e✳

◮ ❖♥❡ ❝❛♥ ❡①❝❤❛♥❣❡ t❤❡ ❡①♣❧♦r❡❞ ❡❞❣❡ ♦❢ t❤✐s s♦❧✉t✐♦♥ t❤❛t ❤❛s
❡❛r❧✐❡st ❡①✐t t✐♠❡ ✇✐t❤ t❤❡ ❡❞❣❡ e ✉s✐♥❣ ✐ts ✜rst ❡①♣❧♦r❛t✐♦♥
✇✐♥❞♦✇✳

✶✹ ✴ ✷✵



●r❡❡❞② ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ▼❛①❙t❛r❊①♣✭k✮

■♥♣✉t✿ ❛ t❡♠♣♦r❛❧ st❛r ❣r❛♣❤ (Gs , L) ✇✐t❤ ❛t ♠♦st k ❧❛❜❡❧s ♣❡r
❡❞❣❡✱ k ∈ N

∗

❖✉t♣✉t✿ ❛ ✭♣❛rt✐❛❧✮ ❡①♣❧♦r❛t✐♦♥ ♦❢ (Gs , L)
■♥✐t✐❛❧✐③❡ t❤❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❡❞❣❡s t♦ ❜❡ C = E ❀
■♥✐t✐❛❧✐③❡ t❤❡ s❡t ♦❢ ❡①♣❧♦r❡❞ ❡❞❣❡s t♦ ❜❡ Exp = ∅❀
t✿❂✵❀
✇❤✐❧❡ C 6= ∅ ❞♦

❋✐♥❞ e ∈ C t♦ ❜❡ ❡①♣❧♦r❡❞ ✇✐t❤ ❡♥tr② t✐♠❡ ❛t ❧❡❛st t ❛♥❞
♠✐♥✐♠✉♠ ❡①✐t t✐♠❡✳ ▲❡t t✵ ❜❡ s❛✐❞ ❡①✐t t✐♠❡❀

❆❞❞ e t♦ t❤❡ s❡t ♦❢ ❡①♣❧♦r❡❞ ❡❞❣❡s✱ Exp ✭✇✐t❤ ❡①♣❧♦r❛t✐♦♥
✇✐♥❞♦✇ ❢r♦♠ t ✉♥t✐❧ t✵✮❀

❘❡♠♦✈❡ e ❢r♦♠ t❤❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❡❞❣❡s✱ C❀
t = t✵ + ✶❀
✐❢ ♥♦ e ∈ C ❤❛s ✷ ❧❛❜❡❧s ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ t t❤❡♥

❜r❡❛❦❀
❡♥❞

❡♥❞
✶✺ ✴ ✷✵



k r❛♥❞♦♠ ❧❛❜❡❧s ♣❡r ❡❞❣❡✿ ❚❤❡ s❡tt✐♥❣

◮ ❊❛❝❤ ❡❞❣❡ ♦❢ Gs r❡❝❡✐✈❡s k ❧❛❜❡❧s ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡r
❡❞❣❡s✱ ❛♥❞ ❡❛❝❤ ❧❛❜❡❧ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❛♥❞
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡rs ❢r♦♠ t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs {✶, ✷, . . . , α}✱
❢♦r s♦♠❡ α ∈ N✳

❯♥✐❢♦r♠ r❛♥❞♦♠ t❡♠♣♦r❛❧ st❛r❀ ✳

●♦❛❧✿ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①♣❧♦r❛❜✐❧✐t② ♦❢ ❛ ✉♥✐❢♦r♠ r❛♥❞♦♠
t❡♠♣♦r❛❧ st❛r ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❛♥❞ ✳

✶✻ ✴ ✷✵



k r❛♥❞♦♠ ❧❛❜❡❧s ♣❡r ❡❞❣❡✿ ❚❤❡ s❡tt✐♥❣

◮ ❊❛❝❤ ❡❞❣❡ ♦❢ Gs r❡❝❡✐✈❡s k ❧❛❜❡❧s ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡r
❡❞❣❡s✱ ❛♥❞ ❡❛❝❤ ❧❛❜❡❧ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❛♥❞
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡rs ❢r♦♠ t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs {✶, ✷, . . . , α}✱
❢♦r s♦♠❡ α ∈ N✳

◮ ❯♥✐❢♦r♠ r❛♥❞♦♠ t❡♠♣♦r❛❧ st❛r❀ Gs(α, k)✳

●♦❛❧✿ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①♣❧♦r❛❜✐❧✐t② ♦❢ ❛ ✉♥✐❢♦r♠ r❛♥❞♦♠
t❡♠♣♦r❛❧ st❛r ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❛♥❞ ✳

✶✻ ✴ ✷✵



k r❛♥❞♦♠ ❧❛❜❡❧s ♣❡r ❡❞❣❡✿ ❚❤❡ s❡tt✐♥❣

◮ ❊❛❝❤ ❡❞❣❡ ♦❢ Gs r❡❝❡✐✈❡s k ❧❛❜❡❧s ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡r
❡❞❣❡s✱ ❛♥❞ ❡❛❝❤ ❧❛❜❡❧ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❛♥❞
✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦t❤❡rs ❢r♦♠ t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs {✶, ✷, . . . , α}✱
❢♦r s♦♠❡ α ∈ N✳

◮ ❯♥✐❢♦r♠ r❛♥❞♦♠ t❡♠♣♦r❛❧ st❛r❀ Gs(α, k)✳

◮ ●♦❛❧✿ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①♣❧♦r❛❜✐❧✐t② ♦❢ ❛ ✉♥✐❢♦r♠ r❛♥❞♦♠
t❡♠♣♦r❛❧ st❛r ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ α ❛♥❞ k ✳

✶✻ ✴ ✷✵



❈❛s❡✿ α ≥ ✷n ❛♥❞ k ≥ ✻n ❧♥ n

❚❤❡♦r❡♠
■❢ α ≥ ✷n ❛♥❞ k ≥ ✻n ❧♥ n✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✇❡ ❝❛♥ ❡①♣❧♦r❡

❛❧❧ ❡❞❣❡s ♦❢ Gs(α, k) t❡♥❞s t♦ ✶ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✳

Pr♦♦❢ s❦❡t❝❤✳

1
α

2n

α

n

3α

2n
α−

α

2n
α

1
st

box 2
nd

box 3
rd

box 2n
th

box

. . .

❲❡ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② ❡❞❣❡ ♦❢ Gs ✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ❛❧♠♦st
s✉r❡❧② ❛t ❧❡❛st ♦♥❡ ♦❢ ✐ts ❧❛❜❡❧s t❤❛t ❢❛❧❧s ✐♥ t❤❡ ✜rst ❜♦①✱ ♦♥❡ ♦❢ ✐ts ❧❛❜❡❧s
t❤❛t ❢❛❧❧s ✐♥ t❤❡ s❡❝♦♥❞ ❜♦①✱ ❡t❝✳

❖❜s❡r✈❛t✐♦♥
■❢ ❢♦r ❡✈❡r② ❡❞❣❡ e ∈ E ❛♥❞ ❢♦r ❡✈❡r② ❜♦① Bi t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❧❛❜❡❧ ♦❢

e t❤❛t ❧✐❡s ✇✐t❤✐♥ Bi ✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡①♣❧♦r❛t✐♦♥ ♦❢ Gs(α, k)✳

✶✼ ✴ ✷✵



❈❛s❡✿ α ≥ ✹ ❛♥❞ k = ✷

❚❤❡♦r❡♠
■❢ α ≥ ✹ ❛♥❞ k = ✷✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✇❡ ❝❛♥ ❡①♣❧♦r❡ ❛❧❧

❡❞❣❡s ♦❢ Gs(α, k) t❡♥❞s t♦ ③❡r♦ ❛s n t❡♥❞s t♦ ✐♥✜♥✐t②✳

Pr♦♦❢ ✐❞❡❛✳

◮ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❜❧♦❝❦✐♥❣ ♣❛✐rs ♦❢ ❡❞❣❡s✳

◮ ❲❡ s❤♦✇ t❤❛t ❢♦r t✇♦ ♣❛rt✐❝✉❧❛r ❡❞❣❡s✱ t❤❡② ❛r❡ ❜❧♦❝❦✐♥❣
❛s②♠t♦t✐❝❛❧❧② ❛❧♠♦st s✉r❡❧②✳

◮ ❲❡ ❛r❜✐tr❛r✐❧② ❣r♦✉♣ ❛❧❧ ❡❞❣❡s ♦❢ Gs(α, ✷) ✐♥t♦ ⌊ n−✶
✷ ⌋

✐♥❞❡♣❡♥❞❡♥t ♣❛✐rs✳

◮ ■❢ t❤❡r❡ ✐s ❛♥ ❡①♣❧♦r❛t✐♦♥ ✐♥ Gs(α, ✷)✱ t❤❡♥ t❤❡r❡ ❛r❡ ♥♦
❜❧♦❝❦✐♥❣ ♣❛✐rs ♦❢ ❡❞❣❡s ✐♥ ❛♥② s✉❝❤ ♣❛✐r✐♥❣✳

◮ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ♥♦ ❡①♣❧♦r❛t✐♦♥ ❛s②♠♣t♦t✐❝❛❧❧② ❛❧♠♦st
s✉r❡❧②

✶✽ ✴ ✷✵



❊①♣❧♦r❛❜✐❧✐t② ♦❢ Gs(α, k)

2 6n lnn

2n

31

A.a.s. explorable

α

k

Not known / Open
4

A
.a
.s
.
n
o
n
-

e
x
p
lo
ra

b
le

❚❤❡ s❤❛❞❡❞ ❛r❡❛s ♦❢ t❤❡ ❝❤❛rt ✐♥❞✐❝❛t❡ t❤❡ ♣❛✐rs (α, k) ❢♦r ✇❤✐❝❤
Gs(α, k) ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❛❧♠♦st s✉r❡❧② ✭❛✳❛✳s✳✮ ❡①♣❧♦r❛❜❧❡ ❛♥❞
♥♦♥✲❡①♣❧♦r❛❜❧❡✱ r❡s♣❡❝t✐✈❡❧②✳

✶✾ ✴ ✷✵



❖♣❡♥ ♣r♦❜❧❡♠s
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